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Abstract. I consider differential of mapping / of continuous division ring 
as linear mapping the most close to mapping /. Different expressions which 
correspond to known deffinition of derivative are supplementary. I explore 
the Gateaux derivative of higher order and Taylor series. The Taylor series 
allow solving of simple differential equations. As an example of solution of 
differential equation I considered a model of exponent. 

I considered application of obtained theorems to complex field and quater- 
nion algebra. In contrast to complex field in quaternion algebra congugation 
is linear function of original number 

a = a + iai + jaj + kak 

In quaternion algebra this difference leads to the absence of analogue of the 
Cauchy Riemann equations that are well known in the theory of complex 
function. 
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Seminar on Recent Problems in Theoretical and Mathematical Physics "Volga'21- 
2009" (XXI Petrov School). 

In this paper I consider linear maps over division ring. In particular, differential 
of map / of division ring is linear map. However for this version I decided to 
add sections dedicated to the Gateaux derivative of second order, Taylor series 
expansion, and solving of differential equation. The paper may be interesting for 
physicists using division ring of quaternions. 

1. Conventions 

(1) Function and map are synonyms. However according to tradition, corre- 
spondence between either rings or vector spaces is called map and map of 
either real field or quaternion algebra is called function. I also follow this 
tradition. 

(2) We can consider division ring D as D- vector space of dimension 1. Accord- 
ing to this statement, we can explore not only homomorphisms of division 
ring Di into division ring D2, but also linear maps of division rings. This 
means that map is multiplicative over maximum possible field. In particu- 
lar, linear map of division ring D is multiplicative over center Z{D). This 
statement does not contradict with definition of linear map of field because 
for field F is true Z{F) = F. When field F is different from maximum 
possible, I explicit tell about this in text. 

(3) In spite of noncommutativity of product a lot of statements remain to be 
true if we substitute, for instance, right representation by left representa- 
tion or right vector space by left vector space. To keep this symmetry in 
statements of theorems I use symmetric notation. For instance, I consider 
D*-vector space and -kD-vectoT space. We can read notation D*-vector 
space as either D-star-vector space or left vector space. We can read nota- 
tion ZJ^-linear dependent vectors as either D-star-linear dependent vectors 
or vectors that are linearly dependent from left. 

2. Additive Map of Ring 
Definition 2.1. Homomorphism 

/ : i?i ^ i?2 

of additive group of ring Ri into additive group of ring R2 is called additive map 
of ring Ri into ring i?2- O 

According to definition of homomorphism of additive group, additive map / of 
ring i?i into ring R2 holds 

(2.1) f{a + b) = f{a) + f{b) 

Theorem 2.2. Let us consider ring Ri and ring i?2. Let maps 

f : Ri ^ R2 

g:Ri^R2 

be additive maps. Then map f + g is additive. 
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Proof. Statement of theorem follows from chain of equations 

(/ + g)ix + y) =f{x + y)+ g{x + y) = f{x) + J{y) + g{x) + g{y) 
= (/ + .9)(.^) + (/ + .9)(y) 

□ 

Theorem 2.3. Let us consider ring Ri and ring i?2. Let map 

/ : i?i ^ i?2 

be additive map. Then maps af , fb, a, b G R2 are additive. 
Proof. Statement of theorem follows from chain of equations 

{af){x + y) =a{f{x + y)) = a{f{x) + f{y)) = aj{x) + af{y) 

-(a/)(x) + {af){y) 
{fb){x + y) ={f{x + y))b = (fix) + f{y))b = f{x)b + f{y)b 
={fb){x) + {fb){y) 

□ 

Theorem 2.4. We may represent additive map of ring Ri into associative ring R2 
as 

(2.2) /(x) = (.)o/G'(,)(x) 

where G(^s) set of additive maps of ring Ri into ring i?2.^ 

Proof. The statement of theorem follows from theorems 2.2 and 2.3. □ 
Definition 2.5. Let commutative ring P be subring of center Z[R) of ring R. Map 

f:R^R 

of ring R is called multiplicative over commutative ring P, if 

f{px) = pf{x) 

for any p E P. □ 

Definition 2.6. Let commutative ring F be subring of center Z{D) of ring R. 
Additive, multiplicative over commutative ring F , map 

f:R~^R 

is called linear map over commutative ring F. □ 

Definition 2.7. Let commutative ring P be subring of center Z{R) of ring R. Map 

f:R^R 

of ring R is called projective over commutative ring P, if 

.f{px) = f{x) 

for any p £ P. Set 

Px = [px : p e P,x £ R} 



^Here and in the following text we assume sum over index that is written in brackets and used 
in product few times. Equation (2.2) is recursive definition and there is hope that it is possible 
to simplify it. 
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is called direction x over commutative ring P. □ 

Example 2.8. If map / of ring R is multiplicative over commutative ring P, then 
map 

g{x) ^ x^^fix) 

is projective over commutative ring P. □ 
Definition 2.9. Denote A{Ri;R2) set of additive maps 

/ : i?i ^ i?2 

of ring Ri into ring i?2- D 
Theorem 2.10. Let map 

is additive map of ring R. Then 

f{nx) = nf{x) 

for any integer n. 

Proof. We prove the theorem by induction on n. Statement is obvious for n = 1 
because 

f{lx) = fix) = lf{x) 
Let statement is true for n = k. Then 

/((fc + l)x) = f{kx + x) = f{kx) + f{x) = kf{x) + f{x) = (fc + 

□ 

3. Additive Map of Division Ring 
Theorem 3.1. Let map 

f:D,^D2 

is additive map of division ring Di into division ring D2 ■ Then 

f{ax) = af{x) 

for any rational a. 

Proof. Let a — ^. Assume v = -x. Then 

q Q 

(3.1) fix) ^ fiqy) = qf{y) = qf 
From equation (3.1) it follows 

(3.2) i/(x) = / Q.T 
From equation (3.2) it follows 



□ 



^Direction over commutative ring P is subset of ring R. However we denote direction Px by 
element x a R when this does not lead to ambiguity. We tell about direction over commutative 
ring Z{R) when wc do not show commutative ring P explicitly. 
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Theorem 3.2. Additive map 

of division ring Di into division ring D2 is multiplicative over field of rational 
numbers. 

Proof. Corollary of theorem 3.1. □ 

We cannot extend the statement of theorem 3.2 for arbitrary subfield of center 
Z{D) of division ring D. 

Theorem 3.3. Let complex field C he subfield of the center of division ring D. 
There exists additive map 

f -.01^02 

of division ring Di into division ring D2 which is not multiplicative over field of 
complex numbers. 

Proof. To prove the theorem it is enough to consider the complex field C because 
C = Z[C). The map 

z — > z 

is additive. However the equation 

az ^ az 

is not true. □ 

The theory of complex vector spaces so well understood that the proof of theorem 
3.3 easily leads to the following design. Let for some division ring D fields Fi, F2 
be such that Fi ^ F2, Fi C F2 C Z{D). In this case there exists map / of division 
ring D that is linear over field Fi, but not linear over field ^2.'^ It is easy to see 
that this map is additive. 

Let Di, D2 be division rings of characteristic 0. According to theorem 2.4 
additive map 

(3.3) f:Di^ D2 

has form (2.2). Let us choose map G(^g){x) — G{x). Additive map 

(3.4) f{x) = (,)o/ G(x) 

is called additive map generated by map G. Map G is called generator of 
additive map. 

Theorem 3.4. Let F, F C Z{Di), F C ^(Da), be field. Additive map (3.4) 
generated by F-linear map G is multiplicative over field F. 

Proof. Immediate corollary of representation (3.4) of additive map. For any a ^ F 
f{ax) = (^)o/ G{ax) (^)i/ = (^s)of aG{x) (^s)if = a (^)o/ G{x) (^)i/ = af{x) 

□ 



For instance, in case of complex numbers map / is map of complex conjugation. The set 
of maps / depends on the division ring. We consider these operators when we explorer map of 
division ring when structure of operation changes. For instance, the map of complex numbers 
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Theorem 3.5. Let Di, D2 he division rings of charaeteristic 0. Let F , F C Z{Di), 
F C Z{D2), be field. Let G he F -linear map. Let q he basis of division ring D2 
over field F . Standard representation of additive map (3.4) over field F 

tias form^ 

(3.5) f{x) = f^ iq G{x) jq 

Expression f^ in equation (3.5) is ca//ed standard component of additive map 
/ over field F. 

Proof. Components of additive map / liave expansion 

(3.6) (s)p/ = (s)p/' iq 
relative to bais q. If we substitute (3.6) into (3.4), we get 

(3.7) f{x) = (s)of iq G{x) jq 
If we substitute expression 

/g = (s)o/^ {s)lP 

into equation (3.7) we get equation (3.5). □ 

Theorem 3.6. Let Di, D2 be division rings of characteristic Q. Let F , F C Z{Di), 
F C Z{D2), he field Let G be F-linear map. Let p be basis of division ring Di over 
field F. Let q be basis of division ring D2 over field F. Let kiB^ be structural 
constants of division ring D2. Then it is possible to represent additive map (3.4) 
generated hy F-linear map G as 

(3.8) /(a) =a' if^ jq uf' € F 

a =0" ip a' e F a e Di 

(3.9) if^ =iG' f^^ kiB" prB^ 

Proof. According to theorem 3.4 additive map of division ring D is linear over field 
F. Let us consider map 

, , G : Di ^ D2 a = a* ip G{a) = a* iG^ jq 

^ ■ ' x^ e F iG-> e F 

According to theorem [3J-4.4.3 additive map /(a) relative to basis e has form (3.8). 
From equations (3.5) and (3.10) it follows 

(3.11) /(a) = a' iG' /^^' m le jq 
From equations (3.8) and (3.11) it follows 

(3.12) a' i/^ j-q = a' ,G' /^'' kq iq rl = a' iG' /^'^ mB^ prB^ jq 

Since vectors .,,e are linear independent over field F and values a'^ are arbitrary, 
then equation (3.9) follows from equation (3.12). □ 

Theorem 3.7. Let field F he subring of center Z{D) of division ring D of char- 
acteristic 0. F-linear map generating additive map is nonsingular map. 



^Representation of additive map using components of additive map is ambiguous. We can 
increase or decrease number of summands using algebraic operations. Since dimension of division 
ring D over field F is finite, standard representation of additive map guarantees finiteness of set 
of items in the representation of map. 
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Proof. According to isomorphism theorem we can represent additive map (3.13) as 
composition 

f{x)^h{x + H) 

of canonical map x x + H and isomorphism /i . _ff is ideal of additive group of 
division ring D. Let ideal H be non-trivial. Then there exist xi X2, /(a^i) = 
f{x2)- Therefore, image under map / contains cyclic subgroup. It conflict with 
statement that characteristic of division ring D equal 0. Therefore, either H = {0} 
and canonical map is nonsingular _F-linear map or H = D and canonical map is 
singular map. □ 

Definition 3.8. Additive map that is linear over center of division ring is called 
linear map of division ring. □ 

Theorem 3.9. Let D be division ring of characteristic 0. Linear map 

(3.13) f:D^D 
has form 

(3.14) f{x) = (s)o/ X (^)i/ 

Expression [s)pf , P = 0, 1, in equation (3.14) is called component of linear map 
/• 

Theorem 3.10. Let D he division ring of characteristic 0. Let e be the basis of 
division ring D over center Z{D). Standard representation of linear map 

(3.14) of division ring has form^' 

(3.15) f{x) = f'^ ie X fe 

Expression /'■' in equation (3.15) is caZ/ed standard component of linear map 
/• 

Theorem 3.11. Let D be division ring of characteristic 0. Lete he basis of division 
ring D over field Z{D). Then it is possible to represent linear map (3.13) as 

(3.16) f{a) =a' if^ ,e € Z{D) 

a =a^ iC G Z{D) a e D 

(3.17) if^ kiBP prB^ 

Proof. Equation (3.14) is special case of equation (3.4) when G{x) = x. Theorem 
3.10 is special case of theorem 3.5 when G{x) = x. Theorem 3.11 is special case of 
theorem 3.6 when G{x) = x. Our goal is to show that we can assume G{x) = x. 

Equation (3.17) binds coordinates of linear transformation / relative given basis e 
of division ring D over center Z(D) and standard components of this transformation 
when we consider this transformation as linear map of division ring. For given 
coordinates of linear transformation we consider equation (3.17) as the system of 
linear equations in standard components. From theorem 3.11 it follows that if 
determinant of the system of linear equations (3.17) is different from 0, then for any 



^Representation of linear map of of division ring using components of linear map is ambiguous. 
We can increase or decrease number of summands using algebraic operations. Since dimension 
of division ring D over field Z{D) is finite, standard representation of linear map guarantees 
finiteness of set of items in the representation of map. 
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linear transformation of division ring D over field Z{D) there exists eorrcsponding 
linear transformation of division ring. 

If determinant of system of linear equations (3.17) equal 0, then there exist maps 
different from map G{x) = x. If dimension of division ring is finite then these maps 
form finite dimensional algebra. I will consider the structure of this algebra in 
separate paper. Without loss of generality, we will assume G{x) = x also in this 
case. □ 

Theorem 3.12. Let field F he subring of center Z{D) of division ring D of char- 
acteristic 0. Linear map of division ring is multiplicative over field F. 

Proof. Immediate corollary of definition 3.8. □ 

Theorem 3.13. Expression 

= fiO ^-B- 

is tensor over field F 

(3.18) if^ = iA" fc/' 

Proof, /^-linear map has form (3.16) relative to basis e. Let e' be another basis. 
Let 

(3.19) ie' = iA^ j-e 

be transformation mapping basis e to basis e'. Since additive map / is the same, 
then 

(3.20) f{x) = x"^ uf le' 

Let us substitute [3]-(8.2.8), (3.19) into equation (3.20) 

(3.21) f{x) = x' iA-^" kf lA^ j-e 

Because vectors ^ e are linear independent and components of vector are arbitrary, 
the equation (3.18) follows from equation (3.21). Therefore, expression fe/'" is tensor 
over field F . □ 

Theorem 3.14. Let D be division ring of characteristic 0. Lete be basis of division 
ring D over center Z{D) of division ring D. Let 

(3.22) f-.D^D fix) = (,)o/ X 

(3.23) = f^^ ie X je 

(3.24) g: D -> D g{x) = (t)o9 x (t)i9 

(3.25) = g^^ iC X j-e 
he linear maps of division ring D. Map 

(3.26) h[x) = gf{x) = g{f{x)) 
is linear map 

(3.27) h{x) = (^ts)oh X [ts)ih 

(3.28) = /l*"' pC X rC 
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where 

(3.29) (ts)o^ = (t)o5 (s)of 

(3.30) (ts)i^ = (t)i5 

(3.31) h^'- = g'^ f'^' ikB^ ijB- 



Proof. Map (3.26) is additive because 

+ V)= 9{I{x + v)) = g{f{x) + /(y)) = g(/(:c)) + g{J{y)) = /i(x) + /i(y) 
Map (3.26) is multiplicative over Z{D) because 

h{ax) = g{f{ax)) = g{af{x)) = ag{f{x)) ^ ah{x) 
If we substitute (3.22) and (3.24) into (3.26), we get 

(3.32) h{x) = (t)o5 f{x) = (t)og (s)o/ x (^s)if (t)i9 

Comparing (3.32) and (3.27), we get (3.29), (3.30). 
If we substitute (3.23) and (3.25) into (3.26), we get 

h{x) =5"-' ic f{x) je 

(3.33) =3*^ ic fee X 

f"' ikB^ ijB- pe X re 
Comparing (3.33) and (3.28), we get (3.31). □ 

4. POLYLINEAR MAP OF DIVISION RiNG 

Definition 4.1. Let i?„ be rings and S be module. We call map 

(4.1) f:R,x...xR^-.S 
polyadditive map of rings i?„ into module S, if 

/(pi, ...,Pi + qi, ...,Pn) = /(Pl, ...,Pn) + /(pi, ...,p„) 

for any 1 < i < rt and for any pi, (/^ e Let us denote ^(i?i, i?„; 5) set of 
polyadditive maps of rings i?„ into module S. □ 

Theorem 4.2. Let Ri, i?„, P be rings of characteristic 0. Let S be module 
over ring P. Let 

f : R, X ... X R„ ^ S 
be polyadditive map. There exists commutative ring F which is for any i is subring 
of center of ring Ri and such that for any i and b G F 

f{ai, ...,bai, a„) = bf{ai, ...,ai, a„) 

Proof. For given oi, a^-i, a^+i, a„ map /(ai,...,a„) is additive by a^. Ac- 
cording to theorem 2.10, we can select ring of integers as ring F . □ 

Definition 4.3. Let P be rings of characteristic 0. Let S be module 

over ring P. Let F be commutative ring which is for any i is subring of center of 
ring Ri. Map 

/ : i?i X ... X i?„ ^ 5 
is called polylinear over commutative ring F, if map / is polyadditive, and for 
any i, 1 < i < ri, for given ai, ai_i, a^+i, a„ map /(ai, a„) is multiplicative 
by Oi. If ring F is maximum ring such that for any i, 1 < « < n, for given ai, 
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fli-i, fli+i, a„ map /(ai, a„) is linear by over ring F, then map / is called 
polylinear map of rings Ri, Rn into module S. Let us denote C{Ri, Rn] S) 
set of polylinear maps of rings i?„ into module S. □ 

Theorem 4.4. Let D he division ring of characteristic 0. Polylinear map 

(4.2) f:D''^D,d = f{di,...,dn) 
has form 

(4.3) d= (s)o/" O-s(rfl) ■•• <^s(dn) (s)n/" 

CTg is a transposition of set of variables {di,...,c?„} 

^ ^ / di ... dn \ 

" \as{di) ... CTs{dn)j 

Proof. We prove statement by induction on n. 

When n = 1 the statement of theorem is corollary of theorem 3.9. In such case 
we may identify'' [p = 0, 1) 

(s)pf — (s)p.f 

Let statement of theorem be true for n — k — 1. Then it is possible to represent 
map (4.2) as 




d= f{di,...,dk) = g{dk){di,...,dk-i) 
According to statement of induction polyadditive map h has form 

d= (t)oh^^^ <^t{di) (t)ih''^^ ... at{dk-i) (t)k-ih^^^ 

According to construction h = gidk). Therefore, expressions (t)p^ ^-re functions of 
dk- Since gidk) is additive map of d^, then only one expression is additive 
map of dk, and rest expressions [t)qh do not depend on dk- 

Without loss of generality, assume p = 0. According to equation (3.14) for given 

t 

Assume s = tr. Let us define transposition as according to rule 

_ _ f dk di ... dk-i \ 
^~ ^ dk itidi) ... atidk-i) J 

Suppose 

(tr)q+lf = (t)qh 
representation (4.3) we will use following rules. 

• If range of any index is set consisting of one element, then wc will omit corresponding 
index. 

• If n = 1, then is identical transformation. We will not show such transformation in 
the expression. 
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for g = 1, fc — 1. 

{tr)qf = (tr)q9 

for g = 0, 1. Wc proved step of induction. □ 

Definition 4.5. Expression {s)pf^ in equation (4.3) is called component of poly- 
linear map /. □ 

Theorem 4.6. Let D be division ring of characteristic 0. Let e he basis in divi- 
sion ring D over field Z{D). Standard representation of polylinear map of 
division ring has form 

(4.4) f{di,...,dn) = (t)/*"-*" crt{di) i,e ... at{dn) i„e 

Lndex t enumerates every possible transpositions at of the set of variables {o?i, d„}. 
Expression in equation (4.4) is called standard component of poly- 

linear map /. 

Proof. Components of polylinear map / have expansion 

(4.5) {s)pP = (s)p/'" 

relative to basis e. If we substitute (4.5) into (4.3), we get 

(4.6) d = (,)or^'^ j,e a,(di) j,e ... a,(d„) (,)„r^" ,„e 
Let us consider expression 

The right-hand side is supposed to be the sum of the terms with the index s, for 
which the transposition Us is the same. Each such sum has a unique index t. If we 
substitute expression (4.7) into equation (4.6) we get equation (4.4). □ 

Theorem 4.7. Lete be basis of division ring D over field Z{D). Polyadditive map 
(4.2) can be represented as D-valued form of degree n over field Z(D)' 

(4.8) /(ai, ...,a„) = a|\..a^" ii...i„/ 

where 



a] ie 



(4.9) i,...i„/ = /(i,e,...,i„e) 

and values i^,..i^^f are coordinates of D-valued covariant tensor over field F. 

Proof. According to theorem 4.2. the equation (4.8) follows from the chain of equa- 
tions 

/(ai, ...,a„) = /(ar iiC, ...,ajj" i^e) = ...a'^ fd^e, i^e) 
Let e' be another basis. Let 

(4.10) ic' = U-' je 



^We proved the theorem by analogy with theorem in [2], p. 107, 108 



12 



Aleks Kleyn 



be transformation, mapping basis e into basis e'. From equations (4.10) and (4.9) 
it follows 

ii...i„/ = /(iiC , i„e ) 

(4.11) =f{i,A^' j,e,...,i^A^- ,„e') 

— . 4ii . • ■ f 

— i-^J-l ... Ji...JrzJ 

From equation (4.11) the tensor law of transformation of coordinates of poly linear 
map follows. From equation (4.11) and theorem [3J-8.2.1 it follows that value of 
the map /(ai, a„) does not depend from choice of basis. □ 

Polylinear map (4.2) is symmetric, if 

f{di, ...,dn) = /(cr(rfi), ...,cr(d„)) 

for any transposition a of set {c?i, 

Theorem 4.8. If polyadditive map f is symmetric, then 

(4-12) i:„...,i„f = a{ii),...,a(ir,)f 

Proof. Equation (4.12) follows from equation 

■•■ <" =./(ai, •■•,a„) 

=/(CT(ai), ...,cr(a„)) 

—Cli ... a„ [T(ii)...CT(i„)/ 

□ 

Polylinear map (4.2) is skew symmetric, if 

/(di, ...,dn) = \a\J{a{di), ...,cr(d„)) 

for any transposition a of set {di, d„}. Here 

11 f 1 transposition a even 
' ' 1—1 transposition a odd 

Theorem 4.9. If polylinear map f is skew symmetric, then 

(4-13) ii,...,i„/ = Icr] o-(ii),...,cr(i„)/ 

Proof. Equation (4.13) follows from equation 

«r ■■• <" ii...i„/ =/(ai, •■■,an) 

= |(T|/(CT(ai), ...,cr(a„)) 

=ai' ■•■ o^" kl o-(ii)...o-(i„)/ 

□ 

Theorem 4.10. The polylinear over field F map (4.2) is polylinear iff 

(4.14) =it)f'"-'- ioMh)B''' k.i.B'^ - ir.-.Mj,.)B''- k^i^S'- („e 

(4.15) ,-,...,„r =(t)f'°-'- ioMn)B''' k.i^B'' - fe^^^^'' 
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Proof. In equation (4.4), we assume 

di = dl' j,e 

Then equation (4.4) gets form 

f{di, dn) =(*)/*"■■■*" ioG o-t(df jic) i^e ... at{d-^ 
(4-16) =df ...4" ioe o-t(j-,e) i,e ... (Jt{jJ) i„e 

From equation (4.8) it foUows that 

(4.17) /(ai, ...,a„) = ...a"^ pC 

Equation (4.14) follows from comparison of equations (4.16) and (4.8). Equation 
(4.15) follows from comparison of equations (4.16) and (4.17). □ 

5. Topological Division Ring 

Definition 5.1. Division ring D is called topological division ring*^ if D is 
topological space and the algebraic operations defined in D are continuous in the 
topological space D. □ 

According to definition, for arbitrary elements a,b ^ D and for arbitrary neigh- 
borhoods Wa-b of the clement a — b, Wab of the element ah there exists neighbor- 
hoods Wa of the element a and Wb of the element h such that Wa — Wb<Z Wa-b, 
WaWb C Wab- For any a ^ and for arbitrary neighborhood VFq-i there exists 
neighborhood Wa of the clement a, satisfying the condition W'-^ C Wa-i. 

Definition 5.2. Absolute value on division ring is a map 

deD ^\d\eR 

which satisfies the following axioms 

• |a| > 

• |a| = if, and only if, a = 

• la^l = H \b\ 

• \a + b\< \a\ + \b\ 

Division ring D, endowed with the structure defined by a given absolute value 
on D, is called valued division ring. □ 

Invariant distance on additive group of division ring D 

d(a, 6) = |a — b\ 

defines topology of metric space, compatible with division ring structure of D. 

Definition 5.3. Let D be valued division ring. Element a G D is called limit of 
a sequence {a„} 

a = lim a„ 

n — >oo 

if for every e G i?, e > there exists positive integer no depending on e and such, 
that |a„ — a| < e for every n > hq. □ 



made definition according to definition from [6], chapter 4 
'^I made definition according to definition from [5], IX, §3.2 
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Definition 5.4. Let D be valued division ring. The sequence {a„}, a„ G -D is called 
fundamental or Cauchy sequence, if for every e S i?, e > there exists positive 
integer uq depending on e and such, that \ap — aq\ < e for every p, q > uq. □ 

Definition 5.5. Valued division ring D is called complete if any fundamental 
sequence of elements of division ring D converges, i.e. has limit in division ring 
D. □ 

Later on, speaking about valued division ring of characteristic 0, we will assume 
that homeomorphism of field of rational numbers Q into division ring D is defined. 

Theorem 5.6. Complete division ring D of characteristic contains as subfield 
an isomorphic image of the field R of real numbers. It is customary to identify it 
with R. 

Proof. Let us consider fundamental sequence of rational numbers {p„}. Let p' be 
limit of this sequence in division ring D. Let p be limit of this sequence in field R. 
Since immersion of field Q into division ring D is homeomorphism, then we may 
identify p' G D and p G R. □ 

Theorem 5.7. Let D be complete division ring of characteristic and let d Cz D. 
Then any real number p G R commute with d. 

Proof. Let us represent real number p G R as fundamental sequence of rational 
numbers Statement of theorem follows from chain of equations 

pd = lim (jpnd) = lim {dpn) = dp 

n — >OG n — *oo 

based on statement of theorem [4J-6.1.4. □ 

Theorem 5.8. Let D be complete division ring of characteristic 0. Then field of 
real numbers R is subfield of center Z{D) of division ring D. 

Proof. Corollary of theorem 5.7. □ 

Definition 5.9. Let D be complete division ring of characteristic 0. Set of elements 
d <E D, \d\ = 1 is called unit sphere in division ring D. □ 

Definition 5.10. Let Di be complete division ring of characteristic with absolute 
value |a;|i. Let D2 be complete division ring of characteristic with absolute value 
x|2- Function 

f -.01^02 

is called continuous, if for every as small as we please e > there exist such (5 > 0, 
that 

\x' - x\i < 6 

implies 

\f{x')-fix)\2<e 

□ 

Theorem 5.11. Let D be complete division ring of characteristic 0. Since index s 
in expansion (3.14) of additive map 

f-D^D 

belongs to finite range, then additive map f is continuous. 
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Proof. Suppose x' — x + a. Then 

f{x') - f{x) = f{x + a) - f{x) = /(a) = (^jo/ a (^s)if 
- /(x)| = |(,)o/ a < (|(,)o/| |(.)i/|)|a| 

Let us denote F = \(s)of \ \{s)if\- Then 

\fix')~fix)\<F\a\ 

Suppose e > and let us assume a = — e. Then S = \a\ = — . According to 

F F 
definition 5.10 additive map / is continuous. □ 

Definition 5.12. Let 

map of complete division ring Di of characteristic with absolute value into 
complete division ring D2 of characteristic with absolute value \y\2- Value 

(5.1) 11/11 =sup^^ 

is called norm of map /. □ 

Theorem 5.13. Let Di be complete division ring of characteristic with absolute 
value \x\i. Let D2 be complete division ring of characteristic with absolute value 
\x\2- Let 

f:Di^ D2 
be map which is multiplicative over field R. Then 

(5.2) \\f\\^sup{\f{x)\2:\x\i = l} 
Proof. According to definition 2.5 

l/(^)|2 \f{rx)\2 



Assuming r = .; — ;— , we get 
F 1 



(5.3) 



\x\i \rx\i 

l/(^)|2 



^'4 



Equation (5.2) follows from equations (5.3) and (5.1). □ 
Theorem 5.14. Let 

f-Di^ D2 

additive map of complete division ring Di into complete division ring D2. Since 
11/11 < 00, then map f is continuous. 

Proof. Because map / is additive, then according to definition 5.12 

\f{x)-f{y)\2^\f{x-y)\2<\\f\\ \x~v\. 
Let us assume arbitrary e > 0. Assume 5 = Then 

\f{x)~f{y)\2<\\f\\6 = e 

follows from inequation 

\x -y\i <5 

According to definition 5.10 map / is continuous. □ 
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Theorem 5.15. Let D be complete division ring of characteristic 0. Either con- 
tinuous map f of division ring which is projective over field P , does not depend on 
direction over field P, or value /(O) is not defined. 

Proof. According to definition [3J-9.1.7, map / is constant on direction Pa. Since 
G Pa. then wc may assume 

/(O) = /(a) 

based on continuity. However this leads to uncertainty of value of map / in direction 
0, when map / has different values for different directions a. □ 

If projective over field R map / is continuous, then we say that function / is 
continuous in direction over field R. Since for any a £ a we may choose 
ai = |a|^^a, /(ai) = f{o)^ then it is possible to make definition more accurate. 

Definition 5.16. Let D be complete division ring of characteristic 0. Projective 
over field R function / is continuous in direction over field i?, if for every as small 
as we please e > there exists such (5 > 0, that 

\x' - x\i <5 \x'\i = \x\i = 1 

implies 

\f{x')-f{x)\,<e 

□ 

Theorem 5.17. Let D he complete division ring of characteristic 0. Projective 
over field R function f is continuous in direction over field R iif this function is 
continuous on unit sphere of division ring D. 

Proof. Corollary of definitions 5.10, [3]-9.1.7, 5.16. □ 

6. DiFFERENTIABLE MAP OF DIVISION RiNG 

Example 6.1. Let us consider increment of map f{x) = x"^ . 

f{x + h)~f{x) = {x + hf-x^ 
— xh + hx + 
= xh + hx + o{h) 

As can be easily seen, the component of the increment of the function f{x) = 
that is linearly dependent on the increment of the argument, is of the form 

xh + hx 

Since product is non commutative, wc cannot represent increment of map f{x + h) — 
f{x) as Ah or hA where A does not depend on h. It results in the unpredictable 
behavior of the increment of the function f{x) = x'^ when the increment of the 
argument converges to 0. However, since infinitesimal h is infinitesimal like h = ta, 
a G D, i G i?, t — > 0, the answer becomes more definite 

{xa + ax)t 

□ 
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Definition 6.2. Let D be complete division ring of characteristic 0.^" The function 

is called difFerentiable in the Gateaux sense on the set ?7 C -D, if at every 
point X ^ U the increment of the function / can be represented as 

(6.1) fix + a)- fix) = dfix)ia) + o(a) = ^^(a) + o(a) 

ox 

where the Gateaux derivative dfix) of map / is linear map of increment a and 
o : D ^ D is such continuous map that 

a^O \a\ 

□ 

Remark 6.3. According to definition 6.2 for given x, the Gateaux derivative dfix) £ 
CiD; D). Therefore, the Gateaux derivative of map / is map 

df:D^CiD;D) 

dfix) 

Expressions dfix) and — - — are different notations for the same function. We will 

ox 

dfix) 

use notation — ^- — to underline that this is the Gateaux derivative with respect to 
dx 

variable x. □ 

Theorem 6.4. It is possible to represent the Gateaux differential 9/(x)(a) of 
map / as 

(6.2) a/(.)(a) = if^aif4^ 

Proof. Corollary of definitions 6.2 and theorem 3.9. □ 

(s)pdfix) 

Definition 6.5. Expression , p = 0, 1, is called component of the 

dx 

Gateaux derivative of map fix). □ 

Theorem 6.6. Let D he division ring of characteristic 0. The Gateaux derivative 
of function 

f-D^D 

is multiplicative over field R. 

Proof. Corollary of theorems 5.8, 3.4, and definition 6.2. □ 
From theorem 6.6 it follows 

(6.3) dfix)ira)=rdfix)ia) 

for any r G R, r ^ and a S D, a 7^ 0. Combining equation (6.3) and definition 
6.2, we get known definition of the Gateaux differential 

(6.4) dfix)ia) = hm (t-i(/(x + ta) ~ fix))) 

t — >-\J. t^rC 

Definitions of the Gateaux derivative (6.1) and (6.4) are equivalent. Using this 
equivalence we tell that map / is called differentiable in the Gateaux sense on 



^'^I made definition according to definition [lJ-3.1.2, page 177. 
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the set U C if at every point x € U the increment of the function / can be 
represented as 

(6.5) fix + ta) - f{x) = tdf{x){a) + o{t) 
where o : R ^ D is such continuous map that 

hmMM = o 
t^o \t\ 

Since infinitesimal ta is differential dx, then equation (6.2) gets form 

(6.6) 5/(.)(d.) = ifl^dx(f^ 

Theorem 6.7. Let D be division ring of characteristic 0. Lete be basis of division 
ring D over center Z{D) of division ring D. Standard representation of the 
Gateaux differential (6.2) of map 

f-D^D 

has form 

5'^ f(x) 

(6.7) df{x){a) = ie a je 
d^^ fix) 

Expression — in equation (6.7) is called standard component of the 

ox 

Gateaux differential of map /. 

Proof. Statement of theorem is corollary of theorem 3.10. □ 

Theorem 6.8. Let D be division ring of characteristic 0. Lete be basis of division 
ring D over center Z{D) of division ring D. Then it is possible to represent the 
Gateaux differential of map 

f-D^D 



(6.8) 9/(^)(a)=a^ _^^e 



df^ 
dx^ 

where a E D has expansion 

a = a' iC a' S F 
relative to basis e and Jacobian of map f has form 

Proof. Statement of theorem is corollary of theorem 3.11. □ 

Definition 6.9. Let D be complete division ring of characteristic and a E D. We 

df(x){a) 

define the Gateaux D*- derivative — of map f : D D using equation 

(6.10) a/(x)(a)=a-^^(")(") 



d^x 
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df(x)(a) 

Wc define the Gateaux ★D-derivative of map f : D ^ D using 

equation 

(6.11) oj[x)[a) = — — a 

□ 

Let us consider the basis le = 1, 26 = i, 36 = j, 46 = fcof division ring 
of quaternions over real field. From straightforward calculation, it follows that 
standard Z?*-reprcscntation of the Gateaux differential of map x^ has form 

dx'^{a) ~ {x + xi)a + X2a.i + x^aj + X4ak 

Theorem 6.10. Let D be complete division ring of characteristic 0. The Gateaux 
D-k-derivative is projective over field of real numbers R. 

Proof. Corollary of theorems 6.6 and example 2.8. □ 

From theorem 6.10 it follows 
(g^^2) df{x){ra) ^ df{x){a) 

d^x 9*.T 

for every r G i?, r 7^ and a G D, a 7^ 0. Therefore the Gateaux _D*-derivative is 
well defined in direction a over field R, a G D, a ^ 0, and does not depend on the 
choice of value in this direction. 

Theorem 6.11. Let D be complete division ring of characteristic and a =/= 0. The 

Gateaux D-k-derivative and the Gateaux -kD -derivative of map f of division ring D 
are bounded by relationship 

Proof. From equations (6.10) and (6.11) it follows 

df{x){a) _^ df{x){a) _i 

—^^dfix)ia)a -a^—a 

□ 

Theorem 6.12. Let D be complete division ring of characteristic 0. The Gateaux 
differential satisfies to relationship 

(6.14) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

Proof. Equation (6.14) follows from chain of equations 

d{f{x)g{x))[a) = Yim{t-\f{x + ta)g{x + ta)- f{x)g{x))) 

= lini(t"^(/(a:: + ta)g{x + to) - f{x)g{x + to))) 
+ \im{t-Hj{x)g{x + ta) - f{x)g{x))) 
= lim(i-i(/(x + to)-/(x)))5(x-) 



f{x) \iMt-\g{x + ta)~g{x))) 



based on definition (6.4). □ 
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Theorem 6.13. Let D be complete division ring of characteristic 0. Suppose the 
Gateaux derivative of map f : D ^ D has expansion 

faTK\ aft u ^ {s)odfix) is)idfix) 

(6.15) a/(x)(a) = ^^a^^ 

Suppose the Gateaux differential of map g : D ^ D has expansion 

„ . w ^ {mdgjx) (t)idg{x) 

(6.16) dgix){a) = ^—a^^ 

Components of the Gateaux differential of map f[x)g{x) have form 

^^-j (s)odf{x)g{x) ^ (s)odfix) {t)odfix)g{x) ^ j^^-^ (t)odg{x) 

dx dx dx dx 

-^g^ (s)idfix)g{x) ^ (yy}9fix)_^^^^ (t)idf{x)g{x) ^ {t)idg{x) 

dx dx dx dx 

Proof. Let us substitute (6.15) and (6.16) into equation (6.14) 

(6.19) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

^ (.s)oi9/(a;) ^ (s)i9/(x) ^^^^ ^ ^^^^ i^t)odg{x) ^ ^t)idg{x) 
dx dx dx dx 

Based (6.19), we define equations (6.17), (6.18). □ 

Theorem 6.14. Let D he complete division ring of characteristic 0. The Gateaux 
D-k-derivative satisfy to relationship 

.f;on^ df{x)g{x) df{x){a) -i ^ dg{x){a) 

(6.20) (a) = — g[x)+a f{x)a — 

d*x o*x a*x 

Proof. Equation (6.20) follows from chain of equations 

df{x)g{x) _ _i 



d*x 



{a)^a-'df{x)g{x){a) 

= a-\dfix){a)g{x) + f{x)dg{x){a)) 
= a~^df{x){a)g{x) + f{x)aa~^dg{x){a) 
^df{x){a)_^^^^^^_,^^^^Jgix){a) 



□ 



Theorem 6.15. Let D be complete division ring of characteristic 0. Either the 
Gateaux D-k-derivative does not depend on direction, or the Gateaux D-k-derivative 
in direction is not defined. 

Proof. Statement of theorem is corollary of theorem 6.10 and theorem 5.15. □ 

Theorem 6.16. Let D be complete division ring of characteristic 0. Let unit 

df(x)(a) 

sphere of division ring D be compact. If the Gateaux D-k-derivative exists 

d^x 

in point x and is continuous in direction over field R, then there exist norm ||9/(x)|| 
of the Gateaux Dk- differential. 
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Proof. From definition C.9 it follows 
(6.21) \df{x){a)\ 



df{x){a) 



From theorems [4J-6.1.18, 6.10 it follows, that the Gateaux D^-derivative is con- 
tinuous on unit sphere. Since unit sphere is compact, then range the Gateaux D-k- 
dcrivative of function / at point x is bounded 



df{x)ia) 



difX 



< F = sup 



df{x){a) 



9* 



According to definition 5.12 



\\df{x)\\=F 



□ 



Theorem 6.17. Let D he complete division ring of characteristic 0. Let unit 

d f (x^ (^) 

sphere of division ring D be compact. If the Gateaux D-k-derivative exists 

dt,x 

in point x and is continuous in direction over field R, then function f is continuous 
at point X. 

Proof. From theorem 6.16 it follows 

(6.22) \dfix)ia)\<\\df{x)\\\a\ 
From (6.1), (6.22) it follows 

(6.23) \f{x + a)~f{x)\ < \a\ \\df{x)\\ 
Let us assume arbitrary e > 0. Assume 

s = 



\\df{x) 
\a\ < 5 



Then from inequation 
it follows 

\f{x + a)- f{x)\ < \\df{x)\\d = e 
According to definition 5.10 map / is continuous at point x. 

7. Table of Derivatives of Map of Division Ring 



□ 



Theorem 7.1. Let D be complete division ring of characteristic 0. Then for any 
be D 



(7.1) 9(&)(a)=0 
Proof. Immediate corollary of definition 6.2. 



□ 
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Theorem 7.2. Let D be complete division ring of characteristic 0. Then for any 
b, c£ D 

(7.2) dibfix)c){a)=bdf{x){a)c 

{s)odbf{x)c ,(s)odf{x) 
(7-3) =b- 



(7.4) 



dx dx 
is)idbf{x)c _ {s)idf{x) 

dx dx 



dbrnc _u 9f{x){a) 

Proof. Immediate corollary of equations (6.14), (6.17), (6.18), (6.20) because db = 
dc^O. □ 

Theorem 7.3. Let D be complete division ring of characteristic 0. Then for any 
b, ceD 

(7.6) d{bxc){h) = bhc 

(i)odbxc _ 



(7.7) 
(7.8) 



dx 
dx 



(7.9) ^(h) = h-'bhc 

Proof. Corollary of theorem 7.2, when f{x) = x. □ 

Theorem 7.4. Let D be complete division ring of characteristic 0. Then for any 
be D 

(7.10) d{xb - bx){h) ^ hb - bh 

{i)ad{xb - bx) _ ^ ^^^idjxb - bx) _ ^ 

dx dx 
(2)Qd{xb - bx) _ (2)id{xb-bx) _ ^ 

dx dx 

^^flM^h) ^ h-^bhc 
d„x 

Proof. Corollary of theorem 7.2, when f{x) ^ x. □ 

Theorem 7.5. Let D be complete division ring of characteristic 0. Then 

d{x^){a) = xa + ax 

(7.11) dx'^ , , 

— — [aj —a xa + X 
ditX 

„2 



(i)Qdx^ (i)idx^ 



(7.12) 



dx dx 
(2)o9a;2 ^ (2)1^; 



dx dx 

Proof. (7.11) follows from example 6.1 and definition 6.9. (7.12) follows from ex- 
ample 6.1 and equation (6.6). □ 
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Theorem 7.6. Let D be complete division ring of characteristic 0. Then 
(7.13) d{x-^){h) ^ ~x~^hx~^ 

o„x 

{i)odx~^ _ _i ii)idx-^ _ _^ 



dx dx 
Proof. Let us substitute f{x) = x^^ in definition (6.4). 

df{x){h) = lim {t-\{x + th)-^ - x~^)) 

t — *0. t^R 

= lim {t~^({x + th)~^ -x~'^ix + th){x + th)~'^)) 
t^o, ten 

(7.14) =^ \mi^Jt-^{l-x-^{x + th)){x + th)-^) 

= lim (t-^{l-l-x~^th){x + thy^) 
t^o, ten 

= lim (-x"^/i(a; + t/i)"^) 
t^o, te-R 

Equation (7.13) follows from chain of equations (7.14). □ 
Theorem 7.7. Let D be complete division ring of characteristic 0. Then 

(7.15) d{xax^^){h) = hax^^ — xax^^hx^^ 

-{K) = ax^^ — h~^xax~^hx~^ 



dxax ^ 



d^x 

ii)odx''^ _ ^ {i)idx-'^ 

dx 1 

{2)Qdx^ _ „i [2)idx~^ 



= -xax ' X ^ 

ox ox 

Proof. Equation (7.15) is corollary of equations (6.14), (7.6), (7.15). □ 
8. Derivative of Second Order of Map of Division Ring 
Let D be valued division ring of characteristic 0. Let 

f-D^D 

function differentiable in the Gateaux sense. According to remark 6.3 the Gateaux 
derivative is map 

df:D^CiD;D) 

According to theorems 2.2, 2.3 and definition 5.12 set C{D; D) is normed D-vector 
space. Therefore, we may consider the question, if map df is differentiable in the 
Gateaux sense. 

According to definition [4J-8.2.1 

(8.1) df{x + a2){ai) - df{x){ai) = 9(a/(a;)(ai))(a2) + 02(02) 

where 02 '. D ^ ^{D; D) is such continuous map, that 

lim = 

02^0 \a2\ 
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According to definition [4J-8.2.1 map d{df{x){ai)){a2) is linear map of variable 02. 
From equation (8.1) it follows that map d{df{x){ai)){a2) is linear map of variable 
ai. 

Definition 8.1. Poly linear map 

(8.2) d^f{x)ia,;a2) = ^^^{a^-.a^) = d{df{x){a,)){a2) 

is called the Gateaux derivative of second order of map / □ 

Remark 8.2. According to definition 8.1 for given x the Gateaux differential of 
second order d^f{x) G C{D, D; D). Therefore, the Gateaux differential of second 
order of map / is map 

d^f : D ^ C{D,D;D) 

Theorem 8.3. It is possible to represent the Gateaux diff"erential of second 
order of map / as 

(8.3) d /(x)(ai;a2) = — — a,{a2) 

Proof. Corollary of definition 8.1 and theorem [3J-11.2.3. □ 

Definition 8.4. Expression , p = 0, 1, is called component of the 

ox-' 

Gateaux derivative of map f{x). □ 

By induction, assuming that the Gateaux derivative is defined d"~^f{x) up to 
order n — 1, we define 

(8.4) 9"/(:^)(«i;-;«n) = ^^^(«i;-;an) =5(5"-V(a;)(ai;-;«n-i))(an) 

the Gateaux derivative of order n of map /. We also assume d'^f{x) = f{x). 

9. Taylor Series 

Let us consider polynomial in one variable over division ring D of power 71, n > 0. 
We want to explore the structure of monomial Pk{x) of polynomial of power k. 

It is evident that monomial of power has form ag, ao G D. Let > 0. Let us 
prove that 

Pk{x) = pk-i{x)xak 

where Ofe G D. Actually, last factor of monomial pfc(x) is either G D, or has form 
.t', / > 1. In the later case we assume Ofc = 1. Factor preceding has form .t', 
I > 1. We can represent this factor as a:'~^a;. Therefore, we proved the statement. 

In particular, monomial of power 1 has form pi{x) = aoxai. 

Without loss of generality, we assume k — n. 



^^'We suppose 

dx^ dxdx 
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Theorem 9.1. For any m > the following equation is true 
d"\f{x)x){hv,...;h„,) 

(9.1) =a"/(.T)(/ii; h„,)x + d'^-^f{x){hr, 

+a'"-V(a;)(/H;...;/im-i;/i™)/ii + ... 
+d"'-^f{x){hr,...;hZ^i-. hm)hm-i 
where symbol means ahsense o/ variable h^ in the list. 
Proof. For m = 1, this is corollary of equation (6.14) 

d{f{x)x){hr) = df{x){h^)x + f{x)h^ 
Assume, (9.1) is true for m — 1. Than 
d'^-\f{x)x){hr,...;hra-i) 

(9.2) =a'"-V(x)(/ii; /i,„_i)x + d"-''-^ f{x){hi- /i,„_2)/ir„-i 

+a™-V(2:)(/M,...,/l™-2,/l,n-l)/ll + ... 

+a"-2/(a;)(/ii,..., ^m— 2i ^m — l)^m— 2 
Using equations (6.14) and (7.2) we get 
a'"(/(a:).T)(/ii;...;/i™_i;/i„i) 
=a'"/(a;)(/ii; /i,„).t + d"'^^ f{x){hi; /i,„_2; hm-i)h, 



(9.3) 






■•■1 ^m— 2? ^m—l-j ^m)^m— 1 






"'/(a:)(/^,. 


■•■7 hjn-l] hjn)hi + . 






"'/(x)(/ii,. 





The difference between equations (9.1) and (9.3) is only in form of presentation. 
We proved the theorem. □ 

Theorem 9.2. The Gateaux derivative d™pn{x)(hi, ...,hm) is symmetric polyno- 
mial with respect to variables hi, h^- 

Proof. To prove the theorem we consider algebraic properties of the Gateaux deriv- 
ative and give equivalent definition. We start from construction of monomial. For 
any monomial Pn{x) we build symmetric polynomial r„(a;) according to following 
rules 

• If pi{x) = OQxai, then ri{xi) — OQXiai 

• If pn{x) =p„_i(a;)a„, then 

(^1 T • ■• : ) — ^n— 1 (*^[1 ; ■ ■ ■ i -^n— 1 )^n] 

where square brackets express symmctrization of expression with respect 
to variables xi, 
It is evident that 

Pji (■^) — (-^l ; ■ ■ ■ 5 ) -^l • • • -^71 — 

We define the Gateaux derivative of power k according to rule 

(9.4) d''pnix){hi, ...,hk) = rn{hi, ...,hk,Xk+l, ■.■,Xn) Xk+l = Xn = x 
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According to construction, polynomial r„(/ii, h^, Xk+i, a;„) is symmetric with 
respect to variables /ii, /i^, Xk+i, a^n- Therefore, polynomial (9.4) is sym- 
metric with respect to variables hi, hk- 

For fc = 1. we will prove that definition (9.4) of the Gateaux derivative coincides 
with definition (6.10). 

For n = 1, ri{hi) = a^hiai. This expression coincides with expression of the 
Gateaux derivative in theorem 7.3. 

Let the statement be true for ti — 1. The following equation is true 

(9.5) r„(/ii )hian 

Assume According to suggestion of induction, from equations 

(9.4), (9.5) it follows that 

rn{hi,X2, ...,a;„) = dpn-i{x){hi)xan + Pn-i{x)hian 

According to theorem 9.1 

rn{hi,X2, ...,x„) = dpn{x){hi) 

This proves the equation (9.4) for k = \. 

Let us prove now that definition (9.4) of the Gateaux derivative coincides with 
definition (8.4) for fc > 1. 

Let equation (9.4) be true for k — 1. Let us consider arbitrary monomial of poly- 
nomial rn{hi, ...,hk-i,Xk, ■■■,Xn)- Identifying variables hi, hk-i with elements 
of division ring D, we consider polynomial 

(9.6) Rn-k{xk, ...,a;„) = r„(/ii, ...,hk-i,Xk, ...,a;„) 
Assume Pn-k{x) = Rn-k{xk, ...,a;„), Xk = ... = x„ = a;. Therefore 

Pn-kix) = d^~'^pn{x){hi; /ifc-i) 
According to definition of the Gateaux derivative (8.4) 

dPr,-k{x){hk) =d{d^-^pr.{x){hi; hk-l)){hk) 

(9.7) ^d''pn{x){hi;...;hk-i;hk) 
According to definition (9.4) of the Gateaux derivative 

(9.8) dPn-k{x){hk) = Rn^k{hk,Xk+i, ...,x„) Xk+i = x^ = x 
According to definition (9.6), from equation (9.8) it follows that 

(9.9) dPn-k{x){hk) ^rn{hi,...,hk,Xk+l,...,Xn) Xk+l ^ Xn = x 

From comparison of equations (9.7) and (9.9) it follows that 

d''pn[x){hi; ...■,hk) = r„(/ii, ...,hk,Xk+i, ■■■,Xn) Xk+i = Xn = x 

Therefore equation (9.4) is true for any k and n. 

We proved the statement of theorem. □ 

Theorem 9.3. For any n > following equation is true 

(9.10) a"+V„(a;)(/ii;...;/i„+i) = 
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Proof. Since Po{x) ~ ag, ao G then for n = theorem is corohary of theorem 
7.1. Let statement of theorem is true for n — 1. Aceording to theorem 9.1 when 
fix) =p„-i{x) we get 

5"+V„(a;)(/ii; ...;/i„+i) =a"+^(p„_i(x)a;a„)(/ii; /i„+i) 

=d''^^Pn-i{x){hi; ...;h„i)xan 

)/iia„ + ... 
+d"^^^Pn~i{x){hi; /i„i)ft.„_ia„ 
According to suggestion of induction aU monomials are equal 0. □ 
Theorem 9.4. If m < n, then following equation is true 

(9.11) a"v„(o)(/i) = 

Proof. For n = 1 following equation is true 

i9°pi(0) ~ OQxai = 
Assume that statement is true for n — 1. Then according to theorem 9.1 
d"^{pn-iix)xa„){hi; h„i) 
=9™p„-i(a;)(/ii; hm)xan + d"^~^pn^i{x){hi; hm-i)hman 

First term equal because .t = 0. Because m — 1 < n — 1, then rest terms equal 
according to suggestion of induction. We proved the statement of theorem. □ 

When hi = ... = hn ~ h, we assume 

d"f{x){h)^d"f{x){hi;...;h„) 

This notation does not create ambiguity, because we can determine function ac- 
cording to number of arguments. 

Theorem 9.5. For any n > following equation is true 

(9.12) d"pr,{x){h)^nlpn{h) 
Proof. For n = 1 following equation is true 

dpi{x){h) = d{aQxai){h) ~ a^hai = l!pi(/i) 
Assume the statement is true for n — 1. Then according to theorem 9.1 

(9.13) 9>„(x)(/i) =d"pn-i{x){h)xan + d''-^pn-i{x)ih)han 

+ ...+d"-^Pn-lix)ih)han 

First term equal according to theorem 9.3. The rest n terms equal, and according 
to suggestion of induction from equation (9.13) it follows 

d"^Pnix){h) = nd'^~^pn-i{x){h)han = n{n - \)\p„-i{h)han = n\pn{h) 
Therefore, statement of theorem is true for any n. □ 
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Let p{x) be polynomial of power n.^^ 

p{x) = po +pu^{x) + ... +Pni„{x) 

We assume sum by index ik which enumerates terms of power k. According to 
theorem 9.3, 9.4, 9.5 

d^p{x){hi]...]hk) = k\pk^^{x) 

Therefore, we can write 

p{x) =po + {ll)-^dp{0)ix) + (2!)-i9V0)(a-) + ... + {n\)-^dy{0){x) 

This representation of polynomial is called Taylor polynomial. If we consider 
substitution of variable x = y — yo, then considered above construction remain true 
for polynomial 

p{y) =pq +pui{y - yo) + ■■■+PmAy ~ yo) 

Therefore 

p{y)^Po + {V:r'dp{yo)(y-yo) + {2ir'd^p{yo){y~yo) + .- + {nir'dy{yo){y~yo) 

Assume that function f{x)) is differentiable in the Gateaux sense at point xq up 
to any order. 

Theorem 9.6. If function f{x) holds 

(9.14) /(xo) - dJ{xo){h) = ... = a"/(xo)(M = 

then for < — > expression f{x + th) is infinitesimal of order higher then n with 
respect to t 

f{xo + th) = o(t") 

Proof. When n = I this statement follows from equation (6.5). 
Let statement be true for n — 1 . Map 

fiix) = dfix)ih) 

satisfies to condition 

fiixo) = dfi{xo){h) = ... = d"-^fi{xo){h) = 
According to suggestion of induction 

hixo +th)^o{t"-^) 

Then equation (6.4) gets form 

o(t"-i) = lim (t-^f(x + th)) 

Therefore, 

fix + th) = o(r) 

□ 



I consider Taylor polynomial for polynomials by analogy with construction of Taylor polyno- 
mial in [7], p. 246. 

^''l explore construction of Taylor scries by analogy with construction of Taylor scries in [7], p. 
248, 249. 
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Let US form polynomial 
(9.15) p{x) = f{xo) + {ll)-'dfixo)ix - xo) + ... + (n!)-i9"/(xo)(x - xo) 
According to theorem 9.6 

f{xo + t{x - xq)) - pixo + t{x ~ xa)) = o(i") 

Therefore, polynomial p{x) is good approximation of map f{x). 

If map f{x) has the Gateaux derivative of any order, the passing to the limit 
71 ^ oo, we get expansion into series 

oc 

/(a;) = 5](n!ria"/(xo)(x-xo) 

Tl = 

which is called Taylor series. 

10. Integral 

Concept of integral has different aspect. In this section we consider integration 
as operation inverse to differentiation. As a matter of fact, we consider procedure 
of solution of ordinary differential equation 

df{x){h)=F{x-h) 

Example 10.1. I start from example of differential equation over real field. 

(10.1) y' = 

(10.2) xo = 1/0 = 

Differentiating one after another equation (10.1), we get the chain of equations 

(10.3) y" = Qx 

(10.4) y'" = 6 

(10.5) y(")=0 n>3 

From equations (10.1), (10.2), (10.3), (10.4), (10.5) it follows expansion into Taylor 
series 

y = x^ 

□ 

Example 10.2. Let us consider similar equation over division ring 

(10.6) d{y){h) = hx'^ + xhx + x^h 

(10.7) a;o = yo = 

Differentiating one after another equation (10.6), we get the chain of equations 

(10.8) d\y){hv,h2) 

=hih2X + hixh2 + h2hix + xhih2 + h2xhi + xh2hi 

(10.9) d''{y){hi;h2;h3) 

=hih2h'i + hih^h2 + h2hihy, + /i3ft-i/i2 + h2h^hi + h^h2hi 

(10.10) 9"(y)(/ii;...;/i„) = n>3 
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From equations (10.6), (10.7), (10.8), (10.9), (10.10) expansion into Taylor series 
follows 

y = x^ 

□ 

Remark 10.3. Differential equation 

(10.11) d{y){h) = ihx^ 

(10.12) xo = yo = 

also leads to answer y = . it is evident that this map does not satisfies differential 
equation. However, contrary to theorem 9.2 second derivative is not symmetric 
polynomial. This means that equation (10.11) does not possess a solution. □ 

Example 10.4. It is evident that, if function satisfies to differential equation 

(10.13) d{v){h) = (,)o/ h 
then The Gateaux derivative of second order 

d^f{x){hi-h2)^Q 

Than, if initial condition is y(0) = 0, then differential equation (10.13) has solution 

y = (.s)o/ X 

□ 

11. Exponent 

In this section we consider one of possible models of exponent. 

In a field we can define exponent as solution of differential equation 

(11-1) y'^y 

It is evident that we cannot write such equation for division ring. However we can 
use equation 

(11.2) d{y){h) = y'h 
From equations (11.1), (11.2) it follows 

(11.3) d{y){h)^yh 

This equation is closer to our goal, however there is the question: in which order 
we should multiply y and hi To answer this question we change equation 

(11.4) d{y){h)^]^{yh + hy) 

Hence, our goal is to solve differential equation (11.4) with initial condition y{0) = 1. 

For the statement and proof of the theorem 11.11 introduce following notation. 
Let 

y hi ... hn 

^a{y) (T{hi) ... a{hr, 
be transposition of the tuple of variables 

[y hi ... hn) 

Let pa{hi) be position that variable hi gets in the tuple 

(cr(y) (j{hi) ... cr(/i„)) 
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For instance, if transposition a has form 

y hi h2 /la 



y/i2 y hi^ 
then foUowing tuples equal 

(cr(y) (t(/ii) (t(/i2) cr(/i3)) = (/i2 y hi) 

Theorem 11.1. If function y is solution of differential equation (11-4) then the 
Gateaux derivative of order n of function y has form 

(11.5) d"iy)ihi, h^)^^Y. ^iyMhi)-Mhn) 

a 

where sum is over transpositions 

y hi ... hn 
^cr{y) a{hi) ... a{hn) 

of the set of variables y, hi, /i„. Transposition a has following properties 

(1) // there exist i, j, i ^ j, such that Pa{hi) is situated in product (11.5) on 
the left side of Pa-{hj) and Pc,{hj) is situated on the left side ofpa-{y), then 
i < j. 

(2) // there exist i, j, i ^ j, such that Pa{hi) is situated in product (11.5) on 
the right side of pa-{hj) and pa{hj) is situated on the right side ofpa{y), 
then i > j. 

Proof. We prove this statement by induction. For n = \ the statement is true 
because this is differential equation (11.4). Let the statement be true for n = fc — 1. 
Hence 

(11.6) d''-\y){hi,...M-i) = ^5]a(jy)a(/ii)...cT(/ifc_i) 

where the sum is over transposition 

^ ( y hi ... hk^i 

of the set of variables y, /ii, hk-i. Transposition a satisfies to conditions (1), 
(2) in theorem. According to definition (8.4) the Gateaux derivative of order k has 
form 

d''{y){hi, ...,hk) =d{d'-\y){hi, hk-i)){hk) 

(11-7) =^d aiy)a{hi)...a{hk-i)^ (h^) 

From equations (11.4), (11.7) it follows that 
d'^{y){hu...,hk) 

(11.8) o{yhk)a{hi)...o{hu-i) + o{hky)o{hi)...o{hu-i)^ 
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It is easy to sec that arbitrary transposition a from sum (11.8) forms two transpo- 
sitions 



y hi ... hk-i hk 

^Tliy) Ti{hi) ... Ti{hk-l) Ti{hk) 

hkV hi ... hk-i 

^(T{hhy) a{hi) ... a{hk-i) 

y hi ... hk-i hk 

^T2{y) T2{hi) ... T2{hk-l) T2{hk) 

yhk hi ... hk-i 



Tl 

(11.9) 

T2 



^(j{yhk) (j{hi) ... a{hk-i) 
From (11.8) and (11.9) it follows that 
d\y){hi,...,hk) 

(11-10) =^lY.^l{y)Tl{hl)...Tl{hk-l)Tl{hk) 

+ r2 (ty)r2 (fei ) . . .r2 (fefc-1 )r2 (fefc ) 

T2 / 

In expression (11.10) Pn (hk) is written immediately before (y). Since k is small- 
est value of index then transposition ti satisfies to conditions (1), (2) in the theorem. 
In expression (11.10) Pr2{hk) is written immediately after Pt-j (y). Since k is largest 
value of index then transposition T2 satisfies to conditions (1), (2) in the theorem. 

It remains to show that in the expression (11.10) we get all transpositions r that 
satisfy to conditions (1), (2) in the theorem. Since k is largest index then according 
to conditions (1), (2) in the theorem T{hk) is written either immediately before 
or immediately after T{y). Therefore, any transposition r has either form ri or 
form T2. Using equation (11.9), we can find corresponding transposition a for given 
transposition t. Therefore, the statement of theorem is true for n = k. We proved 
the theorem. □ 

Theorem 11.2. The solution of differential equation (11.4) with initial condition 
y{0) ~ 1 is exponent y ~ that has following Taylor series expansion 



oo 

(11-11) ^^ = E;;i-" 



nl 

n=0 



Proof. The Gateaux derivative of order n has 2" items. In fact, the Gateaux 
derivative of order 1 has 2 items, and each differentiation increase number of items 
twice. From initial condition y(0) = 1 and theorem 11.1 it follows that the Gateaux 
derivative of order n of required solution has form 

(11.12) (9"(0)(/i,...,/i) 1 

Taylor series expansion (11.11) follows from equation (11.12). □ 
Theorem 11.3. The equation 

(11.13) e"+'' = e°e'' 
is true iff 

(11.14) ab = ba 
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Proof. To prove the theorem it is enough to consider Taylor series 

oo ^ 

(11.15) ^" = E;^«" 

oo ^ 

(11.16) e^ = E-^" 

n=0 
oo 

(11.17) e'^+^ = ^-(a + 6)" 

n=0 

Let us multiply expressions (11.15) and (11.16). The sum of monomials of order 3 
has form 

(11.18) 1^3^ 1^2^^ 1^^2^ 1^3 

and in general does not equal expression 

(11.19) -{a + bj^ = -a^ + -a'^b + -aba + -ba^ + -ab^ + -bab + -b'^a + -b^ 
6 66666666 

The proof of statement that (11.13) follows from (11.14) is trivial. □ 

The meaning of the theorem 11.3 becomes more clear if we recall that there exist 
two models of design of exponent. First model is the solution of differential equation 
(11.4). Second model is exploring of one parameter group of transformations. For 
field both models lead to the same function. I cannot state this now for general 
case. This is the subject of separate research. However if we recall that quaternion 
is analogue of transformation of three dimensional space then the statement of the 
theorem becomes evident. 

12. Linear Function of Complex Field 

Theorem 12.1 (the Cauchy Riemann equations). Let us consider complex field C 
as two-dimensional algebra over real field. Let qc = 1, {e = i be the basis of algebra 
C. Then in this basis structural constants have form 

OqB'^ = 1 01^^ = 1 

lo-B^ = 1 ii-B" = —1 

Matrix of linear function 

y' = x^ jf' 

of complex field over real field satisfies relationship 

(12.1) of = if^ 

(12.2) o/' = -i/° 

Proof. Value of structural constants follows from equation = — 1 . Using equation 
(3.17) we get relationships 

(TO 'i\ fO fkr r>p pO fOr rtO rtO , fir rjl pO fOO fll 

(12.4) o/' = f"'' koBP prB^ = ooB° orB^ + /I'- loB^ IrB^ = f°^ + 

(12.5) i/° = /^''- kiBP prB° = oiB^ irB° + OrB'' = -f°^ - f^° 

(12.6) ^f = f"'- kiBP prB' = oiB' ir-B' + iiB° orB^ = 7°° - /" 
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(12.1) follows from equations (12.3) and (12.6). (12.2) follows from equations (12.4) 
and (12.5). □ 

Remark 12.2. In order to show how it is hard to find generators of additive function, 
let us consider equation (3.9) for complex field. 

fO fkr r>p dO 

— 0^ JG ooi> OO-O + oLr Jg 11^ ooi' 

/-lO fOO ^1 pIO ^1 j-01 /-(O fll 

= otr /g - otr /q - o<-^ Jg - ot^ Jg 
= oG°(/g°-/<^i)-oGi(/<^° + /S^) 

0/ — oLr Jg fci-D prJ3 

— oLr Jg oo-d oi-o + o'-r Jg oii* 
+ o(-^ Jg 01-d 10-d + o<j Jg io-d lo-ts 

— oLr Jg ~ o(-r Jg + o<-^ Jg + o<-r Jg 
= oG°(/°i + /^°) + oGi(/°0-/^i) 

y^l fkr TDP r>0 

ij — Jg fe(^ Pf-i> 

— 1^ Jg oo-d oo-d + iLr Jq ii±s ooi> 

I ^1 /-Ol r1 rO I r<o fii rI rO 

— 1^ Jg ~ 1^ Jg - Jg ~ Jg 
= iG°(/g'^-/<i^)-rGi(/<^° + /S^) 

/■I J-fcr RP r1 

ij = Jg fci-O pri> 

_ ^0 j^Ol rO r1 I ^1 fll rO r1 

— i*-^ Jg ooi> oii* + iLr Jg ii^ oii> 

, ^1 fOO r1 r1 , ^0 j-lO r1 r1 

= iG° - iG^ + iG^ /g° + iG° 

= iG^fG' + fh') + iG\fG' - fh') 
For complex field our task becomes easier because we know that matrix of operator 
G has form either 

(12.7) G=(j ;) 

or 

(12.8) G=(J 

For generator (12.8) we get equation for coordinates of transformation 

fO fl fl fO 

oj — — ij oj — ij 

□ 
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13. Linear Function of Division Ring of Quaternions 

Definition 13.1. Let F be field. Extension field F{i, j, k) is called the quaternion 
algebra E{F) over the field F^"^ if multiplication in algebra E is defined according 
to rule 



(13.1) 





i 


j 


k 


i 


-1 


k 




j 


~k 


-1 


i 


k 


j 


—i 





□ 

Elements of the algebra E{F) have form 

X = x'^ + x'^i + x^j + x^k 
where G _F, i = 0, 1, 2, 3. Quaternion 

— 1 • 2 ■ 3 7 

X = X — XI — xj— xk 

is called conjugate to the quaternion x. We define the norm of the quaternion 
X using equation 

(13.2) |xp =xx = {x''f + {x'f + {x'f + {x^'f 

From equation (13.2), it follows that E{F) is algebra with division.^'' In this case 
inverse element has form 

(13.3) x'^ = i^r^x 

Theorem 13.2. Let us consider division ring of quaternions E{F) as four-dimen- 
sional algebra over field F. Let qc = 1, le = i, 26 = j, = k he basis of algebra 
E{F). Then in this basis structural constants have form 





=1 


01^^ 


= 1 


02B^ 


= 1 


03^'^ 


= 1 


loB^ 


=1 




=-1 


12B^ 


= 1 


i^B^ 


= -1 


2oB^ 


=1 


2lB'^ 


=-1 


22B^ 


= -1 


23-S^ 


= 1 


3oB^ 


=1 


siB^ 


= 1 


32B^ 


= -1 


33-8° 


= -1 



Standard components of additive function over field F and coordinats of correspond- 
ing linear map over field F satisfy relationship 



I follow definition from [8]. 
"'^^In [8], Gclfand gives more general definition considering quaternion algebra E{F,a,b) with 
product 





i 


3 


k 


i 


a 


k 




j 


-k 


b 


-bi 


k 




bi 


—ab 



where a, b G F, ab 0. However this algebra becomes division ring only when a < 0, 6 < 0. It 
follows from equation 

XX = {x"f - a{x^f - b(x'^f + ab{x^)^ 
In this case we can renorm basis such that a = —1, b = —1. 
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(13.4) 

ro/° 
if' 

2 



P 



(13.6) 

r op 

fO _ 

1/ - 

2/ - 

(13.8) 

r op 
1/ 

fO _ 
2/ - 

.3/ = 

(13.10) 

r 0/^ 
1/^ = 
2/^ 

Proof. Value of structural constants follows from multiplication table (13.1). Using 
equation (3.17) we get relationships 

fO fkr r>P r>0 

Oj — J koij prij 

rOO 









(13.5) 










fOO_ 


/" - P^ - 


^33 




r 4 /oo = 


-op- 




^2P- 


^3P 


fOO_ 


P'+P^ + 


^33 




4/" = 


-oP 


-1/^ 


+ 2P 


+ 3P 


/°° + 


fll _ f22 + 


^33 


1 


4/22 = 


fO 

-Of 




-2P 


+ 3P 


/°° + 


^ll+^22_ 


^33 




4 J33 ^ 


fO 

-Of 


+1/^ 


+ 2P 


-3P 








(13.7) 










/" + 


jlO _j_ j23 _ 


^32 




r4/io = 


fO 

-Ij 


+0/^ 


-3P 


+ 2P 


_J01 _ 


_ jlO _|_ y23 _ 


__^32 




4/01 = 


fO 

-1/ 




+ 3P 


-2P 




jlO _ y23 _ 


-P^ 


1 


4 J32 ^ 


-1/° 




-3P 


- 2 J 


p'- 


^10_^23_ 


p2 




4 y23 ^ 


= 1/°- 


^op- 


-3P- 


- 2 J 








(13.9) 










j02 _ 


_^13+_^20 + 


P' 






-2P 


+ 3P 


+ oP 


f3 


j02 _ 


Jl3 _ j20 _ 


P' 




4/31 = 


+2P 


-sP 


+ oP 




_j02 


_ jl3 _ j20 


-P' 


1 


4/°^ = 


fO 
-2j 


-sP 


+ oP 


+ 1/^ 


_/02_ 


_^13 + ^20_ 


-P' 




^p' = 


-2/ 


-3P 


-Op 


-1/^ 








(13.11) 










P^+P^-P' + 


j:30 




U /30 = 


fO 
-3/ 


-2P 


+ lP 


+ 0/^ 


_J03 


_/12_;21^ 


_f30 




4/21 = 


fO 
-3/ 


-2P 


-IP 




j03 _ 


Jl2 _ j21 _ 


y30 


1 


4/12 = 


fO 

- 3/ - 


-2P- 


-IP- 


^oP 


_/03^ 


^/12_^21_ 


_f30 




4 fOS ^ 


fO 

-3/ 


+ 2P 


-IP 


+ oP 



rUU nO nO I fll nl nO , ^22 r>2 
J 00^ 00^ +J 10-D +/ 20i> 22 



dO I ^33 rj3 rjO 
+ J 30i> 33i> 



22 



/ 



33 



= r°-/"-/ 

fl fkr r>P r>l 

Oj — J kO^ prij 

fOl jjO Tjl I j-lO nl nl I ^23 T)2 dI I f32 r)3 r»l 

— / OOO QlO +J 10^ 10^ +J 20i> 23i> +/ 30i> 32^ 

= P'+P° + P'-P' 

f2 fkr r>P r>2 

Oj — J kO^ prij 

f02 roO r)2 I fl3 pi p2 , f20 r)2 r)2 , ^-31 r>3 ri2 

— / 00^ 02O + J lO-O IS-D + / 20i> 20i> + / 30ij 31^ 

= P'-P' + P" + P' 

o/^ = f'^^ koB^ prB^ 

f03 r>0 r>3 , fl2 nl n3 , j"21 r)2 r)3 , f30 p3 p3 

— / OO-tS 03-0 +/ loi) 12-° +/ 20i> 21^' +/ 30^' 30^' 

= P'+P^-P'+P" 

fO fkr Tzip dO 
1/ = / fcli> p?-i> 

— fOl r1 rO _1_ flO rO rO _1_ f23 r3 rO , i.32 r2 rO 

— / Ol-D lli* +7 lli* OOO +J 2li> 33i> + ,/ 3li> 22i> 

= -P'-P" + P'-P^ 
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1/ — / kl^ pr^ 

£00 Tjl r?l I rll 73O 75I I f22 pS pi , r33 p2 pi 

— / Oli* lOi* +/ ll-D Ol-D +/ 21^ 32^ +J 3li> 23^ 

if = f""" klBP prB^ 

— / Oli> 13i> +/ ll-D 02-D +/ 21^ 31^ -r J 31^ 20^ 

= -r-f'-f'+r 

f3 fkr r>p p3 

1/ — / fcli> pri> 

£02 pi p3 I j^l3 pO p3 I ^-20 p3 p3 , ^31 p2 p3 

— / Olis 12i> +J ll-D 03-D +/ 2li> 30i> +/ 3li> 2li> 

= f'-r-r-f' 

2f = k2BP j,rB° 

_ f02 p2 pO , fl3 p3 pO , p20 pO pO , ^31 pi pO 

— / 020 22-D + / 12-D 33.0 + / 22i> 00^ + J 32^ ll-D 

= -f'-r-f°+f' 

£l £kr rtp pi 

2/ — / fc2-D'^ pr-D 

_ J^03 p2 pi I rl2 p3 pi I ^21 pO pi I ^30 pi pi 

— J 020 230 +J 12-D 32-D +/ 22i> Oli> +/ 32i> 10-D 

=r-r-r-r 

(2 fkr rip p2 

2/ — J k2J^ prJJ 

fOO p2 p2 I j^ll p3 p2 I ^22 pO p2 , /■33 pi p2 

— / 02-D 20-D +/ 12-D 3iii +/ 22i> 02^' +/ 32i> 13i> 

2f = k2BP prB^ 

J-Ol o2 o3 I j-lO q3 o3 I ^23 rjO rpS , ^-32 ryl r?3 

— / 02-D 21-D +/ 12-D 30-D +/ 22^ 03^ +/ 32^ 12^ 

fO fkr rtp pO 
3/ = / fc3i> prJJ 

_ f03 p3 pO I fl2 p2 pO I f21 pi pO , ^30 pO pO 

— / 03-D 33-tS +/ ISO 22-D +/ 23i> ll^* +/ 33i> OOi* 

fl fkr r>p pi 

3/ — / k3JJ prO 

_ f02 p3 pi I j^l3 p2 pi I <-20 pi pi I f31 pO pi 

— / 030 320 +7 13-D 23i' +/ 23i> ioi> +/ 33i> oii> 

f2 fkr r>p p2 

3/ — / fc3-D pr-D 

_ J^OI p3 p2 I j^lO p2 p2 I <-23 pi p2 , f32 pO p2 

— 7 030 310 +7 13^* 20-D + 7 23i> 13i> + 7 33i> 02i> 
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3/ 



00 d3 d3 



03^ 30J 

00 , rll 



tj2 7^3 
/ 13-° 21-° 



f22 rjl r)3 
/ 23^ 12^ 



r33 riO d3 
/ 33^' 03i> 



We group these relationships into systems of hnear equations (13.4), (13.6), 
(13.8), (13.10). 

(13.5) is solution of system of linear equations (13.4). 
(13.7) is solution of system of hnear equations (13.6). 
(13.9) is solution of system of linear equations (13.8). 

(13.11) is solution of system of linear equations (13.10). □ 

Theorem 13.3. Let us consider division ring of quaternions E{F) as four-dimen- 
sional algebra over field F. Let ge = 1, {e = i, 26 = j , 36 = fc be basis of algebra 
E[F). Standard components of additive function over field F and coordinats of this 
function over field F satisfy relationship 

( 0/° of^ of^ o/^\ 

if if 



Ip 
2/° 
3/^ 



(13.12) 



2/^ 2/ 

\3/ 3 

(I -I -I -l\ 

I- 11 1 

II- 11 

VI 1 1 -1/ 



Ip 

2P 
3/V 



j22 



j32 




-P'\ 


j23 


_f02 


_ j30 


j:10 


-P' 


_ j03 


fOl 


-P° 


-PV 



Proof. Let us write equation (13.4) as product of matrices 



(13.13) 



/of°\ 
iP 

2P 

3 



( 



\sPJ 



V 



-1 
1 

-1 



\ 


fp'\ 




p' 








\PV 



Let us write equation (13.6) as product of matrices 



ip 

2P 



(13.14) 



/I 

-1 

-1 

/-I 

1 
1 

/I -1 

I- 11 

II- 1 

V 1 1 



1 

-1 
1 

-1 

-1 
1 

-1 
1 



1 
1 

-1 
-1 

-1 
-1 
1 
1 

-1 



-1\ 

-1 
-1 

-y 

1 
1 

V 

1 
1 

-V 



^ \ 

p, 

\PV 

-p'\ 

_ylO 

-p' 

V -P' , 

-p' 

_ jlO 

v-/°v 
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Let US write equation (13.8) as product of matrices 



(13.15) 



1/ 


( 1 


-1 


1 


1 


\ 






1 


-1 


-1 


-1 






2/° 


-1 


-1 


-1 


1 












-1 


1 


-1/ 








/-I 


1 


-1 






/- 






-1 


1 


1 


1 










1 


1 


1 


-1 






^-20 






1 


-1 






V 






(I 


-1 


-1 






/- 






1 


-1 


1 


1 










1 


1 


-1 


1 










V 


1 


1 


-V 




V 


-PV 



Let us write equation (13.10) as product of matrices 

2P 



(13.16) 



/I 


1 




1 


1 


\ 




^ \ 


-1 


-1 




1 


1 






p^ 


1 


-1 




1 


-1 




p' 




1 




1 


-1/ 




\PV 


/-I 


-1 


1 




-A 






-/°^\ 


1 


1 


1 




-1 






-P' 


-1 


1 


1 




1 






-P' 




-1 


1 








V 


-PV 


/I 


-1 


-1 




-A 






-p'\ 


1 


-1 


1 




1 






1 


1 


-1 




1 






_y03 


V 


1 


1 




-V 




V 


-PV 



We join equations (13.13), (13.14), (13.15), (13.16) into equation (13.12). 

14. DiFFERENTIABLE MAP OF DIVISION RiNG OF QUATERNIONS 



□ 



Theorem 14.1. Since matrix 



dx' 



is Jacohian of map x y of division ring 



of quaternions over real field, then 



(14.1) 





gooy 


d^^y 








dx 


dx 


dx 


dx 


d]p_ 


goOy 




d-y 




^ dx^ 


dx 


dx 


dx 


dx 


dy^ 


goOy 


d^^y 


d^^y 


g33y 


dx^ 


dx 


dx 


dx 


dx 


dy^ 


goOy 






g33y 


^ dx^ 


dx 


+ + 
dx 


dx 


dx 
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(14.7) 



(14.8) 



4 


^ y 


dv° 


dv^ 
+ — 


dy^ 
+ — 


dy^ 




dx 


dx-^ 


dx^ 


dxO 


~ d^ 


4 


y 


dy° 


dv^ 

a 




dv^ 


< 


dx 


+ — 
dx"^ 


dx^ 


+ — 

dxO 


~ d^ 


4 


d^'^V 


dy° 


dv^ 
^ y 


dy^ 
+ — 


dy^ 




dx 


dx"^ 


dx^ 


dxO 


+ — 

dx^ 


4 




dv° 


dn^ 


dv^ 


difl 




dx 


dx'^ 


dx^ 


dx° 


dx^ 


4 




_djf_ 


_dy^ 


+ ^ 


dy^ 




dx 


dx^ 


dx"^ 


dx^ 


dx° 


4 


d'^^y _ 


dy° 


dy^ 


dy^ 


dy^ 


< 


dx 


dx'^ 


dx'^ 


dx^ 


dxO 


4 


d^'^y 


dy^_ 


_ ^ _ 


dy^ 


dy^ 




dx 


dx'^ 


dx"^ 


dx^ 


dx° 


4 




_df_ 




_d_f_ 


dy^ 




dx 


dx^ 


dx"^ 


dx^ 


dxO 



Proof. The statement of theorem is corollary of theorem 13.2. □ 
Theorem 14.2. Quaternionic map 

f{x) = X 

has the Gateaux derivative 

(14.9) d{x){h) ^-^{h + ihi + jhj + khk) 

Proof. Jacobian of the map / has form 



/I 








M 





-1 














-1 





vo 








-1/ 



From equations (14.5) it foUows that 

(14.10) = = = = — 

dx dx dx dx 2 

From equations (14.6), (14.7), (14.8) it foUows that 

(14.11) ^ = i^j 

Equation (14.9) follows from equations (6.7), (14.10), (14.11). □ 
Theorem 14.3. Quaternion conjugation satisfies equation 

X = — — (x + ixi + jxj + kxk) 
Proof. The statement of theorem follows from theorem 14.2 and example 10.4. □ 
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dx' 



Theorem 14.4. Since matrix 
of quaternions over real field, then 

(dy^ dy^ dy^ dy'-^\ 



is Jacobian of map x ^ y of division ring 



dx" 
dy^ 
dx^ 
djl_ 
dx"^ 
dy^ 
dx^ 



dx° 
dy^ 
dx^ 
dy^ 
dx'^ 
dy^ 
dx^ 



-1 
-1 

1 

1 



-1 
1 

-1 
1 



dx° 
dy^ 
dx^ 
df_ 
dx"^ 
dy^ 
dx^ 



-1\ 
1 

1 

-V 



dx° 
dy^ 
dx^ 

dy^ 
dx^ 
dy^ 
dx^ ^ 

,QQO 



y 



g3 



'y 



91 



y 



92 



dx 

Qll 



y 



dx 

Q23 



y 



dx 
Q02 



y 



dx 

Q30 



y 



dx 
d'-y 



dx 



y 



V- 



dx 

Q33 



y 



dx 

QOl 



y 



dx 
d-^hj 
dx 

Q20 



dx 



y 



y 



dx 
Q12 



y 



dx 



dx 



dx 



dx 



Proof. The statement of theorem is coroUary of theorem 13.3. 
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17. Special Symbols and Notations 



.4{i?i; R2) set of additive maps of ring Ri lim a,i limit of sequence in valued 

n — ^oo 

mto rmg R2 4 division ring 13 

.4{i?i, Rn', S) set of polyadditive maps 

of rings Ri, R„ into module S 9 
C{Ri, Rn; S) set of polylinear maps of 

rings Ri, Rn into module S 10 

(s)pdf(x) 

— component of the Gateaux 

dx 

differential of map f{x) 17 
(s)pd'^f{x) 

— — component of the Gateaux 

ox^ 

derivative of second order of map f{x) 
of division ring 24 

df{x) the Gateaux derivative of map / 17 
df{x) 



dx 



the Gateaux derivative of map / 17 



d'^f{x) the Gateaux derivative of second 

order of map / of division ring 24 
9^ f{x) 

— the Gateaux derivative of second 

dx^ 

order of map / of division ring 24 
df{x){a) the Gateaux differential of map / 
17 

8^ f{x){ai; a2) the Gateaux differential of 
second order of mapping / of division 
ring 24 

df(x){a) 

the Gateaux Z)*-derivative of 

OtX 

map / of division ring D 18 
df{x){a) 

the Gateaux *D-derivative of 

tdx 

map / of division ring D 19 

d^^f{x) 

standard component of the 

ox 

Gateaux differential of map / 18 



(s)p/ component of linear map / of 

division ring 7 
(s)p/" component of polylinear map of 

division ring 11 
11/11 norm of map / of division ring 15 

standard component of additive map / 

over field F 6 
/'■' standard component of linear map / of 
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IIpoHSBOflHaa FaTO OTo6pa»ceHHa na^ tcjiom 

o : 

AjieKcaHflp KjieftH 

(N : 

tDJQi AHHOTAqHa. 51 HsyMaro flH^xjjepeHijHaji OTo6pa5KeHHa / HenpeptiBHbix tbji 

^ ' KaK jiHHeftHoe OTo5pa5KeHHe, nanGojiee 5jiH3Koe k OTo5pajKeHHK) /. IIocTpo- 

' eHHe npoHSBOflHoii b stom cjiyiae npHBOflHT k pasjiHiHbiM KOHCTpyKi(HaM, 

^ KOTopBie He coBnaflaroT, ho flOHOJinaroT flpyr flpyra. PaccMOTpenHe npoH3- 

. BOflHHx FaTO Bbicmero nopaflKa h pa^a Teiijiopa no3BOjiaeT pemaTb npocTbie 

' flH^xjjepeHijHajibHbie ypaBHenHa. B KaiecTse npnuiepa pemenHa flH<J)c|3epeH- 

' ijHajibHoro ypaBHBHHa paccMOTpeHO MOflejib SKcnoHeHTbi. 
1, ' ^ PaccMOTpeHHO npHjio^KGHHe nojiynenHbix TeopeM k nojifo KOMnjieKCHbix 

, iHceji H ajireSpe KBaTepHHOHOB. B otjihihs ot nojia KOMnjieKCHbix iHceji b 

O' ajireSpe KBaTepHHOHOB onepai^na conpajKGHHa jTHHefiHO Bbipa^KaeTca nepes 

' HCXOflHOe 1HCJ10 

(-H ^ a = a + iai + jaj + kak 

■ B ajire6pe KBaTepHHOHOB 3to pasjinnne hphbo^ht k OTcyTCTBHfO anajiora 
' ypaBHeHHii KoniH - PHMana, HSBecTHbix b TeopHH cJjyHKiiHii KOMnjieKCHoro 

HepeMGHHOrO H HPOHSBO^HOH 4)yHKL(HH KBaTepHHOHHOrO HepeMGHHoro. 

> : 

, COflEPSCAHHE 

O . 

^f) . 1. CorjiameHHH 2 
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9Ta CTaTbfl nanHcana na ocnoBe CTaTeii [3, 4]. CoKpaiiennbiH BapnaHT SToii 
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Aleks_Kleyn@MailAPS.org. 

http : //wuu.geocities . com/aleks_kleyn . 

1 



2 



AjieKcaH^p KjieHH 



coBpeMeHHbiM npo6jieMaM TeopeTHT^ecKoii h MaTeMaTHHecKoii (J)h3hkh "Bojira - 
21'2009"(XXI nETPOBCKHE HTEHH5I). B stoh CTaTbe h paccMaTpHBaro jih- 
HeiiHbie OTo6pa}KeHHfl na^ tcjiom. B ^acTHOCTH, ^H4)(|)epeHLi,Haji OTo6pa}KeHHfl / 
HenpepbiBHbix Ten HBJiHeTca jiHHefiHbiM OTo6pa}KeHHeM. OflnaKO b ^anHOM HSflaHHH 
H peniHji flo6aBHTb pas^ejibi, nocBHmeHHbie npoHSBOflHbiM FaTO BToporo nopa^Ka, 
pasjioJKeHHK) B pflfl Teiijiopa h pemeHHio flH(|)(|)epeHLi;HajibHbix ypaBneHHii. CTaTba 
MOJKeT npeflCTaBJiHTb HHTepec ^jih (J)H3hkob, pa6oTaK)iri,Hx c tcjiom KBaTepHHOHOB. 

1. CorJlAUIEHHJI 

(1) <I>yHKLi;Hfl H OTo6pajKeHHe - chhohhmm. O^HaKO cymecTByeT TpaflHijHfl co- 

OTBeTCTBHe MGJKfly KOJIbliaMH HJIH BeKTOpHblMH npOCTpaHCTBaMH HaSblBaTb 

OTo6pa}KeHHeM, a OTo6pa}KeHHe nojia fleiicTBHTejibHbix ^^Hceji hjih ajire6pbi 
KBaTepHHOHOB HasbiBaTb (|)yHKn,HeH. 51 TOJKe cjie^yro SToii TpaflHn,HH. 

(2) Tejio D MOJKHO paccMaTpnBaTb xax D-BeKTopHoe npocTpaHCTBO pasMep- 

HOCTH 1. CoOTBeTCTBeHHO STOMy, Mbl MOJKeM HSy^aTb He TOJIbKO rOMO- 

Mop4)H3M Tejia Di B Tejio D2, ho h jiHHeiiHoe OTo6pa}KeHHe Teji. IlpH 
9T0M HOflpasyMeBaeTca, ^to OTo6pa}KeHHe MyjibTHojiHKaTHBHO na/i Max- 
CHMajibHO BOSMOJKHbiM oojieM. B ^acTHOCTH, jiHHeHHoe OTo6pa}KeHHe Tejia 
D MyjibTHHJiHKaTHBHO Hafl ijeHTpoM Z{D). 9to He HpoTHBope^HT onpefle- 
jieHHK) jiHHeiiHoro OTo6pa}KeHHH hojih, Tax xax jijir hojih F cnpaBe^jiKBO 
Z{F) = F. EcjiH HOJie F otjihhho ot MaKCHMajibHO BOSMOJKHoro, to h 3to 
HBHO yKasbiBaio b TexcTe. 

(3) HecMOTpfl Ha HexoMMyTaTHBHOCTb HpoH3BefleHHH MHorne yTBepjK^eHHH co- 
xpaHHiOTCfl, ecjiH saMeHHTb nanpHMep npaBoe npe^CTaBJieHHe na jieBoe 
HpeflCTaBJieHHe hjih npaBoe BeKTopnoe npocTpancTBO na jieBoe BexTop- 
Hoe npocTpancTBO. HTo6bi coxpannTb STy CHMMeTpnio b (|)opMyjiHpoBKax 
TeopeM fl nojibsyiocb CHMMeTpn^HbiMH o6o3Ha^eHHflMH. HanpHMep, a pac- 
CMaTpHBaio Z?*-BeKTopHoe npocTpancTBO h *i?-BeKTopHoe npocTpancTBO. 
3anHCb D*-BeKTopHoe npocTpancTBO mojkho npo^ecTb xax D-star-BexTop- 
Hoe npocTpancTBO jih6o xax jieBoe BexTopnoe npocTpancTBO. Sanncb D-k- 
jiHHeiiHO saBHCHMbie BeKTopbi MOJKHO Hpo^ecTb KaK D-star-jiHHeiiHO saBH- 
CHMbie BeKTopbi jih6o KaK BeKTopbi, jiHHeiiHO saBHCHMbie cjieBa. 

2. A/IflHTHBHOE OTOBPA>KEHHE KOJlbl^A 

OnpeflejieHHe 2.1. FoMOMopcjjHSM 

/ : i?i ^ i?2 

a^iIHTHBHOH rpynnbi KOJibLi;a i?i b a^flHTHBHyio rpynny KOJibiia R2 nasbiBaeTCH 

a^flHTHBHBIM OTo6pa»CeHHeM KOJIBI];a i?i B KOJIBI];0 R2. □ 

CorjiacHO onpe^ejieHHro roMOMop(J)H3Ma a^^HTHBHoii rpynnbi, a^AHTHBHoe oto6- 
pajKenne / K0Jibii,a Ri b kojibijo R2 y^OBJieTBopaeT CBoiicTBy 

(2.1) f{a + b) = f{a) + f{b) 

TeopeMa 2.2. PaccMompuM KOAbVfl Ri u KOAbVfl i?2. Uycmb omo6paaiceHUJi 

f:Ri^R2 
g:Ri^ i?2 



ripoHBBOflHasi FaTO OToGpajKenna na^ xejiOM 
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MBAJimmcji addumuenuMU omo6pacnceHUMMU. Tozda omodpaotceHue f + g maKoice 
jiGAMemcM addumuenuM. 

/^OKaaameAbcmeo. YTBepiKfleHHe TeopeMbi cjie^yeT h3 iienoHKH paseHCTB 

(/ + g)ix + y) =f{x + y)+ g{x + y) = f{x) + f{y) + g{x) + g{y) 

={f + 9){x) + [f + g){y) 

□ 

TeopeMa 2.3. PaccMompuM KOJibVfl Ri u KOAbVfl R2. Uycmb omo6pacHceHue 

nejinemcH addumuenuM omo6pacHceHueM. Tozda omodpacHceHUM af, fb, a, b E R2, 
maKCHce MeMmmcM addumuenuMU. 

/^OKaaameAbcmeo. yTBepjKfleHne TeopeMbi cjie^yeT h3 iienoHKH paeeHCTB 

{af)ix + y) =a{,f{x + y)) = a{f{x) + f{y)) = a,f{x) + af{y) 

Haf){x) + {af){y) 
{fb){x + y) ={f{x + y))b = [fix) + f{y))b = f{x)b + f{y)b 

={fb){x) + {fb){y) 

□ 

TeopeMa 2.4. Mu MOCHceM npedcmaeumb addumuenoe omo6pacHceHue KOAbVfl, Ri 
e accoViUamueHoe KOAbVfl R2 e eude 

(2.2) /(•^) = (.)o/G(,)(x) 

zde G(s) - MHOofcecmeo addumueHux omo6paoK.eHuu KOAbv^a Ri e KOAbu^o R2} 

^OKaaameAbcmeo. yTBepjKfleHne TeopeMbi cjie^yeT h3 TeopeM 2.2 h 2.3. □ 

Onpe^ejicHHe 2.5. IlycTb KOMMyTaTHBHoe KOJibiio P flBJiaeTCH no^KOJibijOM iien- 
Tpa Z{R) KOJibiia R. 0To6pa}KeHHe 

f:R^R 

KOJIblia R HaBblBaeTCfl MyjIbTHnjIHKaTHBHbIM Hafl KOMMyTaTHBHbIM KOJII>I];OM 

P, ecjiH 

f{px) ^pf{x) 

fljiH jiio6oro p £ p. □ 
OnpeflejiBHHe 2.6. IlycTb KOMMyTaTHBHoe KOJibiio F ABJiJieTca no^KOJibiiOM iien- 

Tpa Z(D) KOJIblia R. A^HTHBHOe, MyjIbTHnjIHKaTHBHOe Ha^ KOMMyTaTHBHbIM KOJIb- 

iIOM F OTo6pajKeHHe 

f:R^R 

nasbiBaeTCH jiHHeiiHBiM OTo6pa»ceHHeM na^ KOMMyTaTHBHBiM kojibi];om F. 

□ 



^S^ecB H B ^ajiBHefimeM mbi 6yfleM npe^nojiaraTB cyMMy no HH^excy, kotopbih sanncan b 
CKo6Kax H BCTpeHBeTca b npoHSBe^ennH hgckojibko pas. PaBencTBO (2.2) sBJiaeTca peKypcHBHtiM 
onpe^ejiGHHeM h gctb na^em^a, hto mbi moxcgm ero ynpocTHTB. 
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Onpe^ejiGHHe 2.7. IlycTb KOMMyTaTHBHoe kojibijo P flBjiaeTCH noflKOJibiiOM iien- 
Tpa Z{R) KOJibija R. 0To6pa}KeHHe 

f:R^R 

KOJIblia R HaSblBaeTCH npOeKTHBHtlM KOMMyTaTHBHbIM KOJIbLI,OM P, eCJIH 

f{px) = f{x) 

fljia jiio6oro p G P. MnoiKecTBO 

Px ~ {px : p G P, X £ R} 
HasbiBaeTCfl HanpasjieHHeM x na^ KOMMyTaTHBHbiM kojibdiom P.^ □ 

IIpHMep 2.8. EcjiH OTo6pa}KeHHe / KOJibija R MyjibTHnjiHKaTHBHO na^ KOMMyTa- 
THBHbiM KOJibiiOM P, TO OTo6pajKeHHe 

g{x) = x~^f{x) 

npoeKTHBHO nafl KOMMyTaTHBHbiM KOJibijOM p. □ 
OnpeflejieHHe 2.9. 06o3Ha^HM A{Ri: R2) mho^kgctbo a^^HTHBHbix OTo6pa>KeHHH 

/ : i?i — > i?2 

KOJIbH,a i?l B KOJIblJO i?2- D 

TeopeMa 2.10. ITycmb omo6pacnceHue 

MeMemcM addumueHUM omo6pacnceHueM KOAbii,a R. Tozda 

f{nx) = nf{x) 

Oaji aw6o30 'neAoso n. 

/foKaaameAbcmeo. Mm flOKa»ceM TeopeMy HHflyKiiHeii ho n. IlpH n ~ I yTBepjKfle- 

HHe O^eBH^HO, TaK KaK 

filx)^f{x) = lf{x) 
/loHycTHM ypaBHenne cnpaBe^jinBO npn n = k. Tor^a 

/((fc + l)x) = fikx + x)^ f{kx) + fix) = kf{x) + fix) = (fc + l)fix) 

□ 

3. AflflMTHBHOE OTOBPA>KEHHE TEJIA 

TeopeMa 3.1. Uycmb omodpacHceHue 

f -.01^02 

nejinemcM, addumueHUM omo6paotceHueM mejia Di e mejio D2. Tozda 

fiax) = afix) 

Oah aw6o30 pau^uonaAbHozo a. 



•^HanpaBjieHHe Hafl KOMMyTaTHBHbiM kojibi^om P aBjiaeTca HOflMOjKecTBOM KOjibi(a R. OflnaKO 
MBi 6yfleM o5o3HaHaTB nanpaBjieHHe Px BjieMeHTOM x €! i2, Kor^a 3to hg npHBO^HT k Heo^HOsnaH- 

HOCTH. Mbl 6yfleM rOBOpHTb O HanpaBJieHHH Hafl KOMMyTaTHBHbiM KOJlbL(OM Z{R), eCJIH Mbl aBHO 

He yKasMBaeM KOMMyTaTHBHoe kojibi^o P. 
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/(oKaaamejibcmeo. SanHineM a b bh^g « = |- IIojiojkhm y = ^x. Tor^a 
(3.1) fix) = fiqy) = qf{y) - qf (-X 



q 



Hs paBGHCTBa (3.1) cjie/iyeT 



1 „, > , / 1 



(3.2) -f{x)^f 



q \q 



-X 



H3 paBGHCTBa (3.2) cjie/iyeT 



□ 

TeopeMa 3.2. Addumuenoe omodpacHceHue 

f -.01^02 

mejia Di e mejio D2 MyAbmunAUKamueHO Had nojieM pav,uoHaAbHux nuceji. 

JJ,OKa3amejibcmeo. Cjie^CTBHe TeopeMbi 3.1. □ 

Mbi He MOJKeM pacnpocTpaHHTb yTBepjKfleHne TeopeMbi 3.2 na nponsBOJibHoe 
noflnojie ijeHTpa Z{D) lejia D. 

TeopeMa 3.3. Ilycmb noAe KOMnAencHux hucca C jieAMemcM nodnoACM v^eHmpa 
meAtt D. Cyinecmeyem addumueuoe omo6paotceHue 

/ : Di ^ 

meAtt Di e meAO D2, Komopoe ue MyAbmunAUKttmueHO Httd noACM KOMnAencnux 
HuceA. 

/foKtt3ttmeAbcmeo. ^Jia ^OKasaTejibCTBa TeopeMbi ^ocTaTOHHO paccMOTpeTb nojie 
KOMnjieKCHbix ^Hceji C Tax xax C = Z{C). OToGpajKenne 

z — > z 

a^HTHBHO. OflHaKO paBeHCTBO 

(iz = az 

HeBepHO. □ 

TeopHH KOMnjieKCHbix BeKTopHbix npocTpancTB HacTOJibKO xopomo H3y^eHa, hto 
H3 ^OKaaaTejibCTBa TeopeMbi 3.3 jierxo BbiTexaeT cjie^yiomafl KOHCTpyKiiHJi. IlycTb 
fljiH HeKOToporo Tejia D cymecTByiOT nojia Fi, F2 Taxne, ^to Fi ^ F2, Fi C 
F2 C Z{D). B 3T0M cjiy^ae cymecTByeT OTo6pa}KeHHe / Tejia Z?, jiHHeiiHoe na^ 
nojieM i^i, HO He jmneiiHoe na^ nojieM ^2-'^ HeTpy^no BH^eTb, hto 3to OTo6pa>KeHHe 

a^HTHBHO. 

IlycTb Di, D2 - Tejia xapaKTepncTHKH 0. CorjiacHO TeopeMe 2.4 a^^HTHBHoe 
OTo6pa}KeHHe 

(3.3) f-D^^ D2 



■^HanpHMep, b cjiynae KOMnjieKCHMx HHceji onepaTop I sBJiaeTCH onepaTopoM KOMnjieKCHoro 
conpH:»ceHH5i. MnoiKecTBO onepaTopoB I saBHCHT ot paccMaTpHBaeMoro Tejia. 3th onepaTopbi 
npe^CTaBJiaiOT ^jih nac HHTepec, Kor^a mbi paccMaTpHBaeM OTo6pa:»ceHHa Tejia, npn KOTopbix 
MGHaeTCH CTpyKTypa onepai];HH. HanpHMep, OTo6pa»ceHHe KOMnjieKCHbix hhcgji z ^~z. 
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HMeeT BHfl (2-2). Bbi6epeM OTo6pa}KeHHe G'(s)(x) = G{x). A^HTHBHoe OTo6pa>Ke- 
HHe 

(3.4) fix) = (,)o/ Gix) 

HasbiBaeTca a,ni];HTHBHbiM OTo6pa»ceHHeM, nopoxcfleHHtiM OToGpaxceHHeM 
G. OTo6pajKeHHe G mm 6yfleM nasMBaTb o6pa3yioii],eH a/];flHTHBHoro oTo6pa- 
xceHHa. 

TeopeMa 3.4. Uycmb F, F C Z{Di), F C Z{D2), - nojie. Addumuenoe omo6pa- 
CHcenue (3.4), nopoaicdeHHoe F-auhcuhum omoBpaotceHueM G, MyjibmunjiuKamue- 
Ho Had noACM F. 

^OKaaameAbcmeo. Henocpe^CTBeHHoe cjie^CTBHe npe^CTaBjienHH (3.4) a/mHTHBHO- 
ro OTo6pa}KeHHfl. ^Jia JiK)6oro a £ F 

f{ax) = (^)o/ G{ax) (^)i/ = (^s)of aG{x) = a (^)o/ G{x) (^)i/ = af{x) 

□ 

TeopeMa 3.5. ITycmb Di, D2 - mejia xapaKmepucmuKU 0. Uycmb F, F C Z{Di), 
F C Z{D2), - nojie. Uycmb G - F -auhcuhoc omo6pacHceHue. Uycmb q - 6a3uc mcAa 
D2 Had uoacmF . CTaHflapTHoe npe^cTaBJieHHe a^flHTHBHoro OTo6pa»ceHHa 

(3.4) Hafl nojieM F UMcem eud^ 

(3.5) f{x) = ,Ti G{x) jq 

BupacHcenue Jq e paeencmee (3.5) naaueaemcM, CTaH^apTHOH KOMnoHeHToii 
a^flHTHBHoro OTo6pa»ceHHa / na^ nojieM F . 

JHoKaaameAbcmeo. KoMnoneHTM a/mHTHBHoro OTo6pa>KeHHH / hmgiot pasjioJKe- 
HHe 

(3.6) (s)pf = (s)p/* il 

OTHOCHTejibHO 6a3Hca q. Ecjih mm HO^CTaBHM (3.6) b (3.4), mm nojiyHHM 

(3.7) f{x) = (s)or i'q G{x) jq 
IIo^CTaBHB B paBencTBO (3.7) BbipajKeHne 

MM nojiyHHM paBencTBO (3.5). □ 

TeopeMa 3.6. Uycmb Di, D2 - mejia xapaKmepucmuKU 0. Uycmb F , F C Z{Di), 
F C Z{D2), - nojie. Uycmb G - F-jiuhcuhoc omodpaotccHue. Uycmb p - 6a3uc 
mejia Di nad nojiCM F. Uycmb q - Baauc mcAa D2 Had uoacm F. Uycmb kiB^ 

'^ripeflCTaBjieHHe a^^HTHBHoro OTo6pa>KeHH5i c noMomBfO KOMnoneHT a^^HTHBHoro OTo6pa>Ke- 
HHa HeoflH03HaiHO. Hhcto ajireSpaHiecKHMH MexoflaMH mm MOjKeM ynejiHiHTb jihBo yMeHbniHTb 
HHCJio cjiaraeMBix. Ecjih pasMepnocTB Tejia D nap, nojieM -F KOHeiHa, to CTanflapTHoe npeflCTaB- 
jieHHe aflflHTHBHoro OToSpajKeHHa rapaHTHpyex KOHeiHOCTb MHoacecTBa cjiaraeMbix b npeflCTaB- 

JIGHHH 0T06pa>KeHH5I. 
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- cmpyKmypuue KOHcmaHmu mejia D2. Tozda addumueuoe omo6paoKeHue (3.4), 
nopoofcdeHHoe F -AuneuHUM omoSpaotceHueM G, mookho aanucamb e eude 

(3.8) /(a) =a' if jq kf € F 

a =0" iP a' € F a e Di 

(3.9) if =iG' f^^ kiB^ prB^ 

/^OKaaameAbcmeo. CorjiacHO Teopene 3.4 a^HTHBHoe OTo6pajKeHHe Tejia D jih- 
HeiiHO nafl, nojieM F. Bbi6epeM OTo6pa>KeHHe 

G:Di^D2 a = a' ip^G{a)^a' i& j-q 
^'^■^^> €F iG^ e F 

CorjiacHO TeopeMe [3J-4.4.3 a^ilHTHBHoe OTo6pajKeHHe f{a) b 6a3Hce e npHHHMaeT 
bh;i (3.8). Hs paBBHCTB (3.5) h (3.10) cjie^yeT 

(3.11) /(a) = a' iG' f^^ m le jq 
H3 paBSHCTB (3.8) H (3.11) cjieflyeT 

(3.12) a' if jq = a' iG' /g'' uq iq rq = a' iG' /^"^ p^B^ jq 

Tax KaK BeKTopbi ,.e JinneiiHO nesaBHCHMM na^ nojieM F h BejiH^HHbi a'' npoHS- 
BOJibHbi, TO H3 paBeHCTBa (3.12) cjie^yeT paBencTBO (3.9). □ 

TeopeMa 3.7. Ilycmb noAe F neMiemcM, nodKOAhit^OM u,eHmpa Z{D) mejia D xa- 
puKmepucmuKU 0. F -AuneuHoe omodpacuceHue, nopootcdaminee addumueuoe omo6- 
pacHceuue, jieAMemcM ueeupocHcdeuuuM omo6paoKeuueM. 

JJ^OKaaameAbcmeo. CorjiacHO TeopeMe o6 H30Mop(|)H3Max a^mHTHBHoe OTo6pajKe- 

HHe (3.13) MOJKHO npeflCTaBHTb B BH^e KOMn03HLI,HH 

/(.t) = /l(.T + i7) 

KaHOHH^ecKoro OToGpajKenHH x x + H vi H30Mop4)H3Ma fi. H - H^eaji a^flH- 
THBHoii rpynnbi Tejia D. ^onycTHM H^eaji H HeTpHBHajien. Tor^a cymecTByiOT 
xi 7^ X2, f{xi) = f{x2). Cjie^iOBaTejibHO, o6pa3 npn OTo6pa}KeHHH / co/iepjKHT 
iIHKJiH^ecKyro no^rpynny. 9to npoTHBope^HT yTBepjKfleHHK), hto xapaxTepHCTHKa 
TGJia D paBHa 0. CjieflOBaTejibHO, H = {0} h KaHOHH^ecKoe OTo6pajKeHHe hbjih- 

BTCfl HBBbipOJKfleHHblM i^-JIHHeilHblM 0T06paJKeHHeM JIh60 H = D M KaHOHHHeCKOe 

OTo6pa}KeHHe aBjiaeTCH BbipojKflBHHbiM OTo6pajKeHHeM. □ 

Onpe^ejieHHe 3.8. A^hthbhob OTo6pa}KeHHe, jiHHefiHoe na^ ijeHTpoM Tejia, na- 
3biBaeTCH jiHHeiiHBiM OTo6pa»ceHHeM TCJia. □ 

TeopeMa 3.9. nycmb D jieAJiemcji mejioM xapaKmepucmuKU 0. Jluueuuoe omo6- 
paotceuue 

(3.13) f-D^D 
UMeem eud 

(3.14) fix) = (,)o/ X 

BupacHceuue (s)pf , P = 0, 1, 6 paeeucmee (3.14) uaaueaemcn KOMnoHeHToft jih- 
HeiiHoro OTo6pa»ceHHH /. 
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TeopeMa 3.10. Uycmb D - mejio xapaKmepucmuKU 0. Ilycmb e - 6a3uc mejia D 
Had ■nenmpoM Z{D). CTaH;];apTHoe npeflCTaBJicHHe jiHHeiiHoro OTo6pa»ce- 
HHa (3.14) TCJia UMeem eud'^ 

(3.15) f{x) = r ie X je 

BupacHcenue e paeencmee (3.15) uaaueaemcM, CTaHflapTHoii KOMnoHeHToii 
jiHHeiiHoro OTo6pa>KeHHa /. 

TeopeMa 3.11. Ilycmb D jieAJiemcji mejioM xapaKmepucmuKU 0. Uycmb e - 6a3uc 
mejia D uad noMCM Z{D). Tozda AuneuHoe omo6pac>tceHue (3.13) mookho aanucamb 
e eudc 

(3.16) /(a) =a' if fe € Z{D) 

a =a* ic a* g Z{D) a e D 

(3.17) if =f''^ kiBP prB^ 

JJoKaaamcAbcmeo. PaBencTBO (3.14) HEjiaeTCH ^acTHbiM cjiy^aeM paseHCTBa (3.4) 
npH ycjiOBHH G{x) = x. Teopena 3.10 HBjiaeTCH HacTHMM cjiy^aeM TeopeMbi 3.5 
npH ycjiOBHH G{x) = x. TeopeMa 3.11 aBJiaeTca ^acTHbiM cjiy^aeM TeopeMbi 3.6 npn 
ycjiOBHH G{x) — X. Hama sa^a^a - noKasaTb, ^^to mm MOJKeM nojiojKHTb G{x) — x. 

PaBGHCTBO (3.17) CBHSbiBaeT Koop^HHaTbi jiHHeiiHoro npeo6pa30BaHHfl / otho- 
CHTejibHO saflaHHoro 6a3Hca e Tejia D na^ iibhtpom Z{D) co CTan^apTHbiMH kom- 
noHGHTaMH SToro npeo6pa30BaHHfl, paccMaTpHBaeMoro xax jinneiiHoe npeo6pa30- 
BaHHe Tejia. JIjir sa^annbix KOop^HHaT jiHHeiiHoro npeo6pa30BaHHH mm mojkbm 
paccMaTpHBaTb paBeHCTBO (3.17) xax CHCTeMy jiHHeiiHMx ypaBHennH OTHOCHTejib- 
HO CTan^apTHMx KOMnoneHT. Hs TeopeMbi 3.11 cjie^yeT, ^to ecjiH onpe^ejiHTejib 
CHCTeMM jiHHeiiHMx ypaBHeHHii (3.17) OTjiH^^eH ot 0, to fljia jiio6oro jiHHefiHoro 
npeo6pa30BaHHH Tejia D na^ nojiSM Z{D) cymecTByeT cooTBeTCTByiomee jihhbh- 
Hoe npeo6pa30BaHHe Tejia. 

EcjiH onpe^ejiHTejib cncTeMM jiHHeiiHMx ypaBHeHHii (3.17) paBen 0, to cyin,e- 
CTByiOT OTo6pa}KeHHH, OTJiH^^Hbie OT OTo6pa}KeHHfl G{x) = X. EcjiH pasMepnocTb 
TGJia KOHB^na, to sth OTo6pa}KBHHH HopojKflaiOT kohb^ho MBpnyio ajirB6py. CTpyx- 
Typa SToii ajirB6pbi 6yflBT paccMOTpBna b OTflBJibHoii CTaTbB. Hb Hapymaa o6mHO- 
CTH, MM 6yflBM HOJiaraTb h b stom cjiynaB G{x) = x. □ 

TeopeMa 3.12. Uycmb nojic F jneMcmcM, nodnoAbUflM 'nenmpa Z{D) mcAa D xa- 
paKmepucmuKU 0. JIuHCUHoe omo6paoKeHue mcjia MyAbmunAUKamueno Had uoacm 
F. 

^OKaaamcAbcmeo. Hbhocpb^ctbbhhob cjib^ctbhb ohpbabjibhhh 3.8. □ 
TeopeMa 3.13. Bupaatcenue 

rr 
k.t 

MBAJiemcM meuaopoM Had uoacm F 

(3.18) ip 

■^npe^CTaBjieHHe jiHHeHHoro OTo6pa>KeHH5i Tejia c noMomBfO KOMnoneHT jinneHHoro OTo6pa>Ke- 
HHa HeoflH03HaiHO. Hhcto ajireSpaHiecKHMH MexoflaMH mm MOjKeM yBejiHiHTb jih6o yMeHbniHTb 
1HCJ10 cjiaraeMHx. Ecjih pasuepHOCTb xejia D nafl nojieu Z(D) KOHeiHa, to CTaHflapTHoe npefl- 
CTaBjiGHHe jTHHeHHoro OTo6pa>KeHHH rapaHTHpyeT kohghhoctb MHO>KecTBa cjiaraeMBix b npe^CTaB- 
jieHHH OToSpajKeHHa. 



= iA" kf lA-^' 
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JHoKaaameAbcmeo. D-jiHHeiiHoe OTo6pajKeHHe OTHOCHTejibHO 6a3Hca e HMeeT bh^ 
(3.16). IlycTb e' - ^pyrofi 6a3HC. IlycTb 

(3.19) ,e' = ^A^ ,e 

npeo6pa30BaHHe, OTo6pa>Kaioiri;ee 6a3HC e b 6a3HC e'. Tax Kax a^AHTHBHoe OTo6pa- 
jKeHHe / He MeHHeTca, to 

(3.20) f[x) = x"" kf le' 
noflCTaBHM [3]-(8.2.8), (3.19) b paBencTBO (3.20) 

(3.21) fix) = x' iA-^'' kf lA^ je 

Tax KaK BeKTopbi je jinneiiHO He3aBHCHMbi h KOMnoneHTbi BexTopa x'^ npoH3BOJib- 
Hbi, TO paBGHCTBO (3.18) cjie^yeT h3 paBencTBa (3.21). Cjie^OBaTejibHO, BbipajKenHe 
kf^ HBjifleTCfl TeH3opoM Hafl nojieM F . □ 

TeopeMa 3.14. Uycmb D - mejio xapaKmepucmuKU 0. Uycmb e - 6a3uc mejia D 
Had 'nenmpoM Z{D) meAa D. Uycmb 



(3.22) f-D^D fix) = (3)o/ X 

(3.23) = f'^ ie X je 

(3.24) g: D ^ D gix) = ^t)o9 ^ (t)i9 

(3.25) = g*-'' ie x jC 
AuneuHue omo6pacnceHUJi meAa D. OmoBpaotceuue 

(3.26) hix) = gfix) = gifix)) 
jiBAJiemcM AuneuHUM omo6paoiceHueM 

(3.27) h{x) = (ts)oh X (ts)ih 

(3.28) = hP"" pC X re 
zde 

(3.29) (ts)o^ = (t)o.9 (s)o/ 

(3.30) (ts)\h = (s)i/ {t)\a 

(3.31) hT^'- = 5^' ikB'' ijB- 



/]^OKa3ameAbcmeo. OTo6pa}KeHHe (3.26) a^HTHBHO Tax Kax 

hix + y)= gifix + y)) = gifix) + fiy)) = gifix)) + .g(/(y)) = ^x) + hiy) 
OTo6pajKeHHe (3.26) MyjibTHnjiHKaTHBHO nafl ZiD) Tax xax 

hiax) = gifiax)) = .9(0/(2;)) agifix)) = ahix) 
EcjiH Mbi no^CTaBHM (3.22) H (3.24) b (3.26), to mm nojiy^HM 

(3.32) hix) = (i)o5 fix) (t)ig = (()o5 (s)o/ ^ (^s)if (t)i9 

CpaBHHBaa (3.32) h (3.27), mm nojiy^HM (3.29), (3.30). 

EcjiH MM noflCTaBHM (3.23) h (3.25) b (3.26), to mm ^OJIy^^HM 

hix) =g'^ iC fix) je 

(3.33) =g'^ ie f''^ fee x ,e ,e 

=9'' f"' ikBP ijB^- pe X re 
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CpaBHHBaa (3.33) h (3.28), mm nojiy^HM (3.31). □ 

4. riOJlHJlHHEHHOE OTOBPA>KEHHE TEJIA 

Onpe^ejieHHe 4.1. IlycTb Ri, i?„ - KOJibiia m S - MO^yjib. Mm 6yfleM nasMBaTb 
OTo6pajKeHHe 

(4.1) / : i?i X ... X Rn ^ S 

nojiHa^HTHBHBiM OTo6pa»ceHHeM KOJieu; i?„ b MO^iyjib S, ecjiH 

f{Pl, ...,P4 + qt, -^Pn) = f{Pl, --.Pi, ■■■,Pn) + f{Pl, ■■■,qi, ■■■,Pn) 

fljia jiio6oro 1 < i < n h ^jih jiio6bix p^, G Ri. 06o3Ha^HM A{Ri, Rn', S) 

MHOJKeCTBO nOJIHaflflHTHBHMX 0T06pa>KeHHH KOJieil i?„ B MOflyjIb S. □ 

TeopeMa 4.2. Uycmb Ri, Rn, P - KOAbii,a xapaKmepucmuKU 0. Uycmb S - 
ModyAb Had KOAbii,OM P. Uycmb 

/ : i?i X ... X i?„ ^ 5 

noAuaddumuenoe omo6paoiceHue. Cyvnecmeyem KOMMymamuenoe KOJibv,o F, ko- 
mopoe dAM Aw6ogo i MeAMcmcM nodKOAbii,OM "neHmpa KOAbViU Ri, u muKoe, umo Saa 
AKiBozo i ub E F 

/(ai, ...,bai, . ..,«„) = 6/(ai, ...,ai, . ..,«„) 

JHoKaaameAbcmeo. ^jih aaflanHMx ai , a^-i, fli+i, a„ OTo6pa}KeHHe /(oi, ...,a„) 
a^HTHBHO no fli. CorjiacHO Teopene 2.10, mm MOJKeM Bbi6paTb KOJibiio ijejiMx ^Hceji 
B KanecTBe KOJibija F . □ 

OnpeflejiGHHe 4.3. IlycTb i?„, P - KOJibiia xapaKTepncTHKH 0. IlycTb S - 

MO^yjIb na^ KOJIbLl,OM p. IlyCTb F - KOMMyTaTHBHOe KOJIbllO, KOTOpOe J\JIR jiK)6oro 

i HBJifleTCfl no^KOJibiiOM Li,eHTpa KOJibiia Ri. OTo6pa}KeHHe 

/ : i?i X ... X i?„ 5 

HaSMBaeTCH nOJIHJIHHeftHblM Ha^ KOMMyTaTHBHtlM KOJIbI];OM F, eCJIH 0T06- 

pajKeHHe / nojiHa^HTHBHO, h ^jih jiio6oro i, 1 < i < n, ^jih sa^anHbix ai, a^-i, 
ai-|_i, a„ OTo6pa}KeHHe /(ai,...,a„) MyjibTHnjiHKaTHBHO no a^. Ecjih KOJibn,o F 
- MaKCHMajibHoe KOJibn,o TaKoe, nTO ^jih jiK)6oro i, 1 < i < n, jijih sa^annbix ai, 
Qi-i, fli+i, a„ OTo6pa>KeHHe /(ai, ...,a„) jinnenHO no ai nafl KOjibiiOM F, to 
OTo6pa>KeHHe / nasMBaeTca nojiHJiHHeiiHbiM oTo6pa»ceHHeM KOJieu; i?„ 
B MOflyjib S. 06o3Ha^HM C{Ri, S*) mho^kgctbo nojinjinnennbix OTo6pajKeHHH 
KOJieii i?„ B MO^yjib S. □ 

TeopeMa 4.4. Uycmb D - mejio xapanmepucmuKU 0. UoAUAuneuHoe omoBpaotce- 
Hue 

(4.2) f:D''^D,d^f{d,,...,dn) 
UMeem eud 

(4.3) d = (,)or ^.(rfi) - ^s{d^) (.)„/" 
(Ts - nepecmaHoena MHOCHcecmea nepeMCHHUx {di, ...,c?„} 

di ... dn 

<Ts{di) ... (Ts{dn) 



ripoHBBO^Hasi FaTO OToGpajKeHna na^ xejiOM 
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JJoKaaameAbcmeo. Mm ^OKajKeM yTBepjKfleHHe HH^yKiiiieH no n. 

IIpH n = 1 /;oKa3biBaeMoe yTBepjK^eHne HEJiaeTCH cjie^CTBiieM TeopeMbi 3.9. 

IIpH 3TOM MM MO>KeM OTOJK^eCTBHTb® (p = 0, 1) 

(s)pf — (s)pf 

^onycTHM, HTO yTBepjKfleHHe TeopeMM cnpaBe^jiMBO npn n ^ k — 1. Tor^a oto6- 
pajKeHHe (4.2) mojkho npe^CTaBHTb b BH^e 

I f 




d = f{di, ...,dk) = g{dk){di, ...,dk-i) 
CorjiacHO npe^nojioiKeHHio HH^yKiiHH nojina^HTHBHoe OTo6pa}KeHHe h HMeeT bh^ 
'i= {t)oh^~^ (7t{di) (t)ih''~^ ... at{dk-i) (t)k-ih''~^ 

CorjiacHO nocTpoenHio h = g{dk). Cjie^OBaTejibHO, BbipajKeHHfl (t)ph HBJifliOTCH 
(J)yHKiiHflMH dk. IIocKOJibKy g{dk) - aflflHTHBHaa (J)yHKLi,Ha dk, to tojibko o^ho bm- 
pajKenne {t)ph flBJiaeTca a^^HTHBHofi 4)yHKLi,Heii nepeMenHoii d^, h ocTajibHMe bm- 
pajKeHHH (t)qh He saBHcaT ot dk- 

He Hapymaa o6iri;HOCTH, nojioJKHM p = 0. CorjiacHO paBencTBy (3.14) ^jia sa- 
flaHHoro t 

(t)0" — (tr)05 dk (tr)l9 

IIojiojKHM s — tr M onpe^ejiHM nepecTanoBKy <7s corjiacHO npaBUJiy 

dk di ... dk-i 
dk crt{di) ... at{dk-i) 



<Js = at 

IIOJIOJKHM 



fe l/c-I 



{tr)q+lf — {t)qh' 



flJIfl (7=1, fc— 1. 

(tr)q.f = (tr)q9 

fljiH (? = 0, 1. Mm flOKasajiH mar HH^yKiiHH. □ 

Onpe^ejiGHHe 4.5. BbipajKeHHe (s)pf"' b pabencTBe (4.3) nasMBaeTca komho- 
HCHToii nojiHJiHHeiiHoro OTo6pa»ceHHa /. □ 

TeopeMa 4.6. Uycmb D - mejio xapanmepucmuKU 0. /]^onycmuM e - 6a3uc mejia 
D Had noACM Z{D). CTaHflapTHoe npeflCTaBJicHHe nojiHJiHHeHHoro OTo6pa- 
jKGHHa TGJia uMeem eud 

(4.4) /(di, ...,d„) = (4)/'°-'" ioecrt(di) i,e ... crt(d„) i„e 



''B npeflCTaBjieHHH (4.3) mm 6yfleM nojibSOBaTbca cjieflyiomHMH npasHjiaMH. 

• EcjiH oSjiacTb 3HaieHHH KaKoro-jiH6o HHfleKca - 9to MHOjKecTBO, cocToanjee h3 OflHoro 
ajieMGHTa, mbi 6yfleM onycKaTB cooTBeTCTByfomnfi hh^gkc. 

• EcjiH n = 1, TO (Ts - TOjKflecTBeHHoe npeoBpasoBaHHe. 3to npeoBpasoBaHHe mojkho He 

yKaSBIBaTB B BBipa>KeHHH. 
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MndeKC t uyMepyem eceeosMoaicHue nepecmauoeKU at MHoaicecmea nepcMeuHux 
{di, ...,dn\ . BupacHceHue (f)/*""'*" e paeencmee (4.4) waaweaemcji CTaHflapTHoii 
KOMnoHeHToii nojiHJiHHeiiHoro OTo6pa»ceHHa /. 

JJoKaaameAbcmeo. KoMnoneHTbi nojiHjiHHeftHoro OToSpajKenHa / HMeiOT paajioJKe- 
HHe 

(4.5) (s)p/" = {s)pP'' 

OTHOCHTejibHO 6a3Hca e. Ecjih mm noflCTasHM (4.5) b (4.3), mm nojiy^HM 

(4.6) d = (,)o/"^'^ a,(di) ,-,e ... a,(d„) (,)„r^'" ,„e 
PaccMOTpHM BMpajKenne 

(4.7) (t)^-'- = is)or' ■■■(s)nr- 

B npaBoii HacTH no^pasyMeBaeTCH cyMMa Tex cjiaraeMMx c HH^eKCOM s, pjlr koto- 
pMx nepecTanoBKa dg coBna^aeT. KajK^aa Taxaa cyMMa 6yfleT hmbtb yHHKajiBHMH 
HHfleKC t. IIoflCTaBHB B paBeHCTBO (4.6) BMpajKenne (4.7) mm nojiyHHM paBencTBO 
(4.4). □ 

TeopeMa 4.7. Uycmb e - 6a3uc mejia D nad nojiCM Z{D) . UojiuaddumueHoe omo6- 
pacHceuue (4.2) mookho npedcmaeumb e eude D-anaHHOu (fiopMU cmenenu n nad 
noACM Z(Dy 

(4.8) /(ai, ...,a„) = a'\..a^" ii...i„/ 
zde 

aj = a* ie 

(4-9) ii...»„/ = /(iie, ...,,;„e) 

u eejiuHUHU i^...i„f JiejiJimmcji KoopduHamaMU D-auanHozo Koeapuawmmo men- 
3opa Had nojicM F. 

/J^OKaaameAbcmeo. CorjiacHO TeopeMe 4.2 paBencTBO (4.8) cjie^yeT h3 iienoHKH pa- 
BencTB 

/(ai,...,a„) = f{a\' ,;,e, ...,a^" i„e) = ...a"^ f{i-^e, ...,i^t) 
IlycTb e' - flpyroii 6a3HC. IlycTb 

(4.10) ie' = iA^ je 

npeo6pa30BaHHe, OTo6pa}Kaiomee 6a3HC e b 6a3HC e'. H3 paBencTB (4.10) h (4.9) 
cjie/iyeT 

ix...inf ~ /(ii C J ■■■ J i„ 6 ) 

(4.11) =f{i,Ai' j,e,...,i^A^- ,„e') 

H3 paBGHCTBa (4.11) cjie/iyeT TeH3opHbiii 3aK0H npeo6pa30BaHHH KOop^HnaT nojin- 
jiHHeiiHoro OTo6pa}KeHHfl. H3 paBencTBa (4.11) h TeopeMM [3J-8.2.1 cjie^yeT, hto 
SHa^eHHe OTo6pa»ceHHfl /(ai, a„) ne saBHCHT ot Bbi6opa 6a3Hca. □ 



^Teopeua flOKaaaHa no aHajiorHH c TeopeMoii b [2], c. 107, 108 
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XlojiHjiHHeiiHoe OTo6pa>KeHHe (4.2) chmmgtphhho, ecjiH 

f{di, ...,dn) = /(cr(dl), (j{dn)) 

fljia J11060H nepecTanoBKH a MHOJKecTBa {di, o?„}. 

TeopeMa 4.8. Ecau noAUAuneuHoe omo6paoiceHue f cuMMempuuHO, mo 
(4-12) i^,...,i^f = tT(ii),...,o-(i„)/ 

/I^OKaaameAbcmeo. PaaeHCTBO (4.12) cjie^yeT h3 paBencTBa 
a*/ ... ajj" ii...i„/ =/(ai, ...,a„) 

=/(CT(ai), ...,cr(a„)) 

□ 

IlojiHjiHHeiiHoe OTo6pa»ceHHe (4.2) koco cHMMeTpHHHo, ecjiH 

f{di, ...,dn) = \<j\f{cr{di), ...,cr(d„)) 

fljiH J11060H nepecTanoBKH a MHOJKecTBa {di, ...,c?„}. S^ecb 

II f 1 nepecTanoBKa a ^^eTHaa 
1—1 nepecTanoBKa a HeHeTHaa 

TeopeMa 4.9. Ecau noAUAuneuHoe omo6paofceHue f koco cuMMempuuHO, mo 

(4-13) = |cr| o-(ii),...,<T(i„)/ 

^OKaaamcAbcmeo. PaBencTBO (4.13) cjie^yeT h3 paBencTBa 

"■1 ■•■ "-It ii...i„/ =/(«!, an) 

= |cr|/(cr(ai), ...,cr(a„)) 

-• dn" kl o-(ii)...o-(i„)/ 

□ 

TeopeMa 4.10. OmoBpaotccHue (4.2) noAUAuneuHoe Had uoacm F noAUAuneuHO 
mosda u moAbKO mosda, Kosda 

(4-14) ji...j„/ =(t)/'"'"*" io^tOi)^''' fciii-B'i ... ;„_iatO„)^'"" k„i.n.B^" i„e 

(4.15) ,-,...,„r =(t)r-'" ioa.(i.)^'^' fciii^'^ - ;„-.<.*0„)^'^" 
^OKaaamcAbcmeo. B paBencTBe (4.4) nojioJKHM 

Tor^a paBBHCTBO (4.4) npHMST bh^ 

f{di,...,dn) =(()/*"■■■*" ioG o-t(df j,e) i,e ... crt(d^" ^^e) i„e 

(4.16) =< ...dt (t)f°-"" ioG <Tt(,-,e) ... at{j^e) i„e 
=< ...4" it)r-'- 10.^(^)3"^ k.i.B'^ 

H3 paBGHCTBa (4.8) cjie/iyeT 

(4.17) /(ai, ...,a„) = ai\..aj," i^...i^F pC 
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PaBGHCTBO (4.14) cjieflyeT h3 cpaBHeHHa paBencTB (4.16) h (4.8). PaBencTBO (4.15) 
cjie^iyeT h3 cpaBneHHH paBencTB (4.16) h (4.17). □ 

5. TonojiorHHECKOE tejio 

OnpeflejiGHHe 5.1. Tejio D nasMBaeTCH TonojiorHHecKHM TejioM^, ecjiH D hb- 
jiaeTCH TonojiorH^ecKHM npocTpancTBOM, h ajire6paH^ecKHe onepaiiHH, onpe^ejien- 
Hbie B D, HenpepbiBHbi b Tonojiorn^ecKOM npocTpancTBe D. □ 

CorjiacHO onpe^ejienHK), ^jih npoHSBOJiBHbix ajieMeHTOB a,b £ D vi jiJia npoHS- 
BOJibHbix OKpecTHOCTeii Wa-b sJieMeHTa a — h, Wat sJieMenTa ab cymecTByiOT Taxne 
OKpecTHOCTH Wa sjieMeHTa anWi, sjieneHTa b, hto Wa — Wt C Wa-b, WaWb C Wab- 

EcjIH a 7^ 0, TO flJlR npOH3BOJIbHOH OKpeCTHOCTH Wa-1 CyLLI,eCTByeT OKpeCTHOCTb Wa 

sjieMeHTa a, yflOBJieTBoparoniaH ycjiOBHKi W~^ C Wa-i. 
OnpeflejiGHHe 5.2. HopMa Ha Tejie - sto OTo6pa»ceHHe 

deD ^\d\eR 

TaKOe, HTO 

• |a| > 

• |a| = paBHOCHJibHO a = 

• \a + b\< \a\ + \b\ 

Tejio D, HaflejieHHoe CTpyKTypoii, onpeflejiaeMofi sa^aHneM na D HopMbi, nasbi- 

BaeTCa HOpMHpOBaHHbIM TejIOM. □ 

HHBapHaHTHoe paccTOHHHe na a^HTHBHofl rpynne Tejia D 

d(a, b) ^ \a — b\ 

onpe^ejiaeT Tonojiornio MeTpn^ecKoro npocTpancTBa, corjiacyiomyrocfl co CTpyK- 
Typoii Tejia B D. 

Onpe^ejieHHe 5.3. IlycTb D - HopMHpoBaHHoe tbjio. 3jieMeHT a G D nasbiBaeTca 
npe^ejioM nocjieflOBaTejibHOCTH {a„} 

a ~ Van an 

n — >oo 

ecjiH fljiH jiio6oro e G i?, e > cymecTByeT, saBHcamee ot e, naTypajibHoe hucjio 
uq TaKoe, HTO |a„ — a| < e jiJisi jiK)6oro n > uq. □ 

Onpe^ejiGHHe 5.4. IlycTb D - HopMHpoBaHHoe Tejio. IIocjieflOBaTejibHOCTb {an}, 
an € D HasbiBaeTCH (JjyHflaivieHTajibHOH hjih nocjieflOBaTejibHocTbio Koluh, 

ecjiH fljiH jiio6oro e G i?, e > cymecTByeT, saBHcamee ot e, naTypajibHoe hucjio 
uq TaKoe, HTO jflp — flgl < e ^jih jiK)6bix p, q > uq. □ 

Onpe^ejiGHHe 5.5. HopMHpoBaHHoe tgjio D nasbiBaeTCH nojiHtiM ecjiH jiio6aH 
4)yHflaMeHTajibHaH nocjie^OBaTejibHOCTb sjieMenTOB ^aHHoro Tejia cxgahtch, t. e. 
HMeeT npe^eji b stom tgjig. □ 

B flajibHeiinieM, roBopa o HopMnpoBanHOM Tejie xapaKTepncTHKH 0, mm 6yfleM 
npe^nojiaraTb, ^^to onpe^ejieH roMeoMop4)H3M nojiH paiiHOHajibHbix ^^Hceji Q b Tejio 
D. 



OnpeflejieHHe flaHO corjiacHO onpeflejieHHK) h3 [6], rjiasa 4 
^OnpeflejieHHe flaHO corjiacHO onpeflejieHHK) h3 [5], rji. IX, §3, n°2 



ripoHBBO^Hasi FaTO OToGpajKeHna na^ xejiOM 
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TeopeMa 5.6. UojiHoe mejio D xapaKmepucmuKU codepotcum e Kanecmee nodno- 
AM u30Mop(f}Huu o6pa3 uoAM R deucmeumejibHux hucca. 9mo nojie o6uhho omooK- 
decmeAMwm c R. 

JJoKaaameAbcmeo. PaccMOTpHM (jaynflaMeHTajibHyio nocjieflOBaTejiBHOCTb paiiHO- 
HajibHbix Hviceji {pn}- HycTb p' - npe^eji SToii nocjie^OBaTejibHOCTH b Tejie D. IlycTb 
p - npe^eji stoh nocjie^OBaTejibHOCTH b nojie R. Tax xax BJiojKeHHe nojia Q b tcjio 
D roMeoMop(|)HO, to mm MOJKeM OTOJK^ecTBHTb p' € D n p € R. □ 

TeopeMa 5.7. Uycmb D - noAHoe mejio xapaKmepucmuKU u nycmb d ^ D. 
Tozda Aw6oe deucmeumejibHoe hucao p E R KOMMymupyem c d. 

^OKaaameAbcmeo. Mm MOJKeM npe^CTaBHTb ^eiicTBHTejibHoe hhcjio p £ R b bh^g 
4)yHflaMeHTajibH0H nocjieflOBaTejibHOCTn paiinoHajibHbix ^^Hceji {pn}- yTBepjKfle- 
HHe TeopeMM cjie^yeT h3 iienoHKu pabencTB 

pd ~ lim ipnd) = lini {dpn) = dp 

n — *oo n — 'oo 

ocHOBaHHoii Ha yTBepjKflenHH TeopeMM [4J-6.1.4. □ 

TeopeMa 5.8. Uycmb D - noAHoe meAO xapaKmepucmuKU 0. Tozda noAC deucmeu- 
mcAbHux HuccA R MBAMcmcM noduoACM UfCumpa Z{D) mcAa D. 

/J^OKaaamcAbcmeo. Cjie/iCTBHe TeopeMM 5.7. □ 

Onpe^ejieHHe 5.9. IlycTb D - nojiHoe Tejio xapaKTepncTHKH 0. MnojKecTBO sjie- 
MGHTOB d £ D, \d\ = 1 HasMBaeTCH e^HHHHHoii ctjjepoii b Tejie D. □ 

Onpe^ejieHHe 5.10. IlycTb Di - nojiHoe Tejio xapaKTepncTHKH c HopMoii |x|i. 
IlycTb D2 - nojiHoe tgjio xapaKTepncTHKH c HopMoii \x\2. OyHKiiHH 

HasbiBaeTCH nenpepbiBHOH, ecjiH jiJin jiio6oro ckojib yro^HO Majioro e > cyme- 
CTByeT TaKoe 6 > 0, hto 

\x' - x\i < 6 

BJIBHGT 

\fix')-f{x)\2<e 

□ 

TeopeMa 5.11. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. Ecau e paaAoofceuuu 
(3.14) addumueuozo omo6paaiceHUM 

undcKC s npuHUMaem KoneHHoe MHoaicecmeo SHaneHuu, mo addumuenoe omo6pa- 
CHcenue f Henpepueno. 

/foKaaameAbcmeo. IIojiojkhm x' = x + a. Tor^a 

f{x') - f{x) = fix + a) - f{x) = /(a) = (^s)of a 

- f{x)\ = |(,)o/ a < (|(,)o/| |(s)i/|)|a| 

IIojioiKHM F = \(s)of \ \(s)if\- Tor^a 

\f{x')-f{x)\<F\a\ 

BM6epeM e > h nojioJKHM a = —e. Tor^a S = \a\ = —. CorjiacHO onpeflejieHHio 

F F 
5.10 a^^HTHBHoe OTo6pa}KeHHe / nenpepMBHO. □ 
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Onpe^ejiGHHe 5.12. IlycTb 

OTo6pa}KeHHe nojiHoro Tejia Di xapaKTepncTHKH c HopMoii b nojiHoe Tejio 
-D2 xapaKTepHCTHKH c nopMoii \y\2- BejiHHHna 

(5.1) 11/11 =sup^ 

kli 

HasbiBaeTCH HopMoii OTo6pa»ceHHa /. □ 

TeopeMa 5.13. Uycmb Di - nojiHoe meAO xapanmepucmuKU c HopMou \x\i. 
Ilycmb D2 - noAHoe mejio xapanmepucmuKU c HopMou \x\2- Uycmb 

f:Di^ D2 

omo6paaKeHue, MyAbmunAUKamuenoe Had noACM R. Tosda 

(5.2) \\f\\^sup{\f{x)\2:\x\i = l} 

J],OKa3ameAbcmeo. CorjiacHO onpe/iejieHnro 2.5 

\f[x)\2 ^ \I{rx)\2 
\x\i \rx\i 

HojiaraH r = - — — , mm nojiy^HM 

\x\i 

(5.3) 1^^")'^ 



/ 



x 

NT 



la^li 

PaeeHCTBO (5.2) cjie^yeT h3 paBencTB (5.3) h (5.1). □ 
TeopeMa 5.14. Uycmb 

f -.0,^02 

addumuenoe omo6paofceHue noAHOzo mcAa Di e noAHoe mcAO Z?2. Omo6paoiceHue 
f HcnpepueHO, ecAU \\f\\ < 00. 

^OKuaameAbcmeo. IIocKOJibKy OTo6pa»:eHHe / a;mHTHBHO, to corjiacHO onpe^ejie- 
HHK) 5.12 

\fix)-f{y)\2^\fix^y)\2<\\f\\ \x-y\, 
Bo3bMeM npoHSBOJibHoe e > 0. IIojiojkhm S = YJ^' Tor^a h3 HepaBencTBa 

\x -y\i <S 

\fix)-fiy)\2<\\f\\S = e 
CorjiacHO onpeflejieHHio 5.10 OTo6pajKeHHe / nenpepbiBHO. □ 

TeopeMa 5.15. Uycmb D - noAHoe mcAO xapanmepucmuKU 0. JIu6o Henpepueuoe 
omo6paaiceHue f mejia, npoenmueHoe Had uoacm P , hc aaeucum om HanpaeACHUM 
Had noACM P , au6o SHaneHue /(O) hc onpedcACHO. 



ripoHBBO^Hasi FaTO OToGpajKenna na^ xejiOM 
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JJ,OKa3amejihcmeo. CorjiacHO onpe^ejieHHio [3]-9.1.7, OTo6pa>KeHHe / nocTOHHHO na 
HanpaBJieHHH Pa. Tax xax G Pa, to ecTecTBeHHO nojiojKHTb no nenpepbiBHOCTH 

/(O) = /(a) 

OflHaKO 3T0 npHBOflHT K Heonpe^ejieHHOCTH 3Ha^^eHH^^ OTo6pa}KeHHH / b nanpaB- 
jieHHH 0, ecjiH OTo6pa}KeHHe / HMeeT pasHoe sna^eHHe ^jih pasHMx HanpaBjienHii 
a. □ 

EcjiH npoeKTHBHaa na^ nojieM R ^ywjxaR f nenpepbiBHa, to mm 6yfleM roBO- 
pHTb, ^TO (J)yHKiiHfl / HenpepbiBHa no HanpasjieHHio hb^ nojieM R. IlocKOJib- 
Ky fljifl jiio6oro a e D, a 7^ mm MOJKeM Bbi6paTb ai = \a\~^a, /(oi) = /(a), to 
MM MOJKGM cflejiaTb onpeflejiGHHe 6ojiee tohhmm. 

Onpe^ejieHHe 5.16. IlycTb D - nojinoe tbjio xapaKTepncTHKH 0. IIpoeKTHBHaH 
nafl, nojieM R (J)yHKLi,HH / nenpepMBHa no nanpaBJiennro na^ nojieM R, ecjin jijir 
jno6oro ckojib yro^no Majioro e > cyin,ecTByeT TaKoe S > 0, hto 

\x' - x\i < S \x'\i = \x\i = 1 

BJieHGT 

\fix')-fix)U<e 

□ 

TeopeMa 5.17. Uycmb D - noAHoe mejio xapaKmepucmuKU 0. UpoeKmueHasi Had 
noACM R (fiyuK'nuM, f uenpepuena no HanpaejieHuw Had noACM R mozda u mojibKO 
mozda, Kozda ama (fiyHKV^UM nenpepuena na eduHUHHOu c^epe mejia D. 

JJ,OKa3amejibcmeo. CjieflCTBne onpeflejiennii 5.10, [3]-9.1.7, 5.16. □ 

6. /^HOOEPEHLlMPyEMOE OTOBPA>KEHME TEJIA 

IIpHMep 6.1. PaccMOTpHM npHpamenne (jaynKiinn f{x) = x^ . 

f{x + h)- f{x)^{x + hf ^x^ 
= xh + hx + 
— xh + hx + o{h) 

KaK MM BHflHM KOMnoHeHTa npnpaineHHH (jaynKiinn f{x) = x^, jinnenno saBncamaa 
OT npnpameHHH apryMenTa, HMeeT bh^ 

xh + hx 

Tax KaK npoHSBe^enne neKOMyTaTHBHO, to mm ne mojkgm npe^CTaBHTb npHpame- 
nne (jjyHKiiHH f{x+h) — f{x) B BH^e Ah njin hA, r^e A ne saBncHT ot h. CjieflCTBneM 
SToro HBjiaeTCfl nenpeflCKasyeMOCTb noBe^ennH npHpamennH (jaynKiinn f{x) = x'^, 
Kor^a npHpamenne apryMenTa CTpeMnTca k 0. O^naKO, ecjin 6ecKonenno Majiaa 
nejinnnna h 6yfleT 6ecKonenno Majioii nejinnnnoii nn^a h = ta, a € D, t & R, 
f — > 0, TO OTBeT CTanoBHTCH 6ojiee onpe^ejiennbiM 

{xa + ax)t 

□ 
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Onpe^ejiGHHe 6.2. IlycTb D - nojiHoe Tejio xapaKTepncTHKH O}^ OyHKiina 

flH(J)(J)epeHi];HpyeMa no FaTO na MHOJKecTBe U C D, ecjin b KajK^oii to^kb x G U 
HSMeneHHe 4)yHKLi;HH / MOJKeT 6biTb npeflCTaBjieno b bh^g 

(6.1) fix + a)- fix) = dfix)ia) + o(a) = ^^(«) + o(a) 

r^e npoHSBo^Haa TaTo dfix) oTo6pa»ceHHa / - jiHHeiiHoe OTo6pa>KeHHe npn- 
pameHHa a u o : D ^ D - Taxoe nenpepbiBHoe OTo6pa}KeHHe, hto 

a^O \a\ 

□ 

SaMenanue 6.3. CorjiacHO onpe^ejieHHio 6.2 npH sa^aHHOM x npoHSBOflHaa FaTO 
dfix) S CiD\D). CjieflOBaTejibHO, npoHSBOflHaa FaTO OTo6pa>KeHHfl / flBjiaeTca 
OTo6pa}KeHHeM 

df:D^CiD-D) 

dfix) 

BbipajKeHHH dfix) h — — — aBjiaiOTca pasHbiMH o6o3HaHeHHHMH oflHofi h Toii »ce 

. ^ . dfix) 

(pyHKijHH. Mbi oyflGM nojibsOBaTbCH 0D03Ha^^eHHeM — - — , ecjiH xothm nofl^epK- 

ax 

HyTb, HTO Mbi 6epeM npoHSBOflHyro FaTO no nepeMenHoii x. □ 

TeopeMa 6.4. Mu MoatceM npedcmaeumb flHeJxJjepeHDiHaji Faio 9/ (a;) (a) oto6- 
pajKeHHH / e eude 

w N {s}odfix) (s}idfix) 

(6.2) dfix)ia) = a 

J],OKa3amejihcmeo. Cjie/iCTBHe onpe^ejienHH 6.2 h TeopeMbi 3.9. □ 

(s)pdfix) 

Onpe^ejicHHe 6.5. BbipajKenne , p = 0, 1, nasbiBaeTCH KOMnoHeHToii 

ox 

npoHSBOflHoii FaTO OTo6pa»ceHHH fix). □ 
TeopeMa 6.6. Uycmb D - meAO xapaKmepucmuKU 0. IIpouaeodHaM Famo (f)yHKU,uu 

f-D^D 

MyAbmuriAUKamueHa Had uoacm R. 

J],OKa3amejibcmeo. Cjie^CTBHe Teopen 5.8, 3.4 h onpe/iejienHH 6.2. □ 
Hs TeopeMbi 6.6 cjie^yeT 

(6.3) dfix)ira)=rdfix)ia) 

fiflu jiK)6bix rSi?, rT^OnaSD, 07^0. KoM6HHHpyfl paBBHCTBO (6.3) h onpe/ie- 
jieHHe 6.2, mm nojiyHHM snaKOMoe onpe^ejieHHe flH(J)(J)epeHLi,Hajia FaTO 

(6.4) dfix)ia) = Jim^^it-\fix + ta) - fix))) 

OnpeflejieHHH npoHSBO^HOH FaTO (6.1) h (6.4) 3KBHBajieHTHbi. Ha ocnoBe 3toh 3k- 
BHBajieHTHOCTH Mbi 6yfleM roBopHTb, HTO OTo6pajKeHHe / flH4)4)epeHLi,HpyeMO no 



10, 



OnpeflejieHHe flaHO corjiacHO onpeflejieHHKj [lJ-3.1.2, CTp. 256. 
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FaTO Ha MHOJKecTBe U C ecjiH b KajK^ofi TO^^Ke x £ U HSMeneHHe (jjyHKiiHH / 
MOJKeT 6biTb npeflCTaBJieHO b bh^b 

(6.5) fix + ta) - fix) = tdfix)ia) + o(t) 
r^e o : R ^ D - Taxoe nenpepbiBHoe OTo6pa>KeHHe, hto 

limM^ = 

t^o \t\ 

EcjiH 6ecKOHeHHO Majiaa ta asjiaeTca flHcjacjaepeHiiHajiOM dx, to paBencTBO (6.2) 

npHMeT BH^ 

(6.6) a/(.)(d.) = (^^dx(fliM^ 

TeopeMa 6.7. Uycmb D - mejio xapanmepucmuKU 0. Uycmb e - 6a3uc mejia D 
Had 'nenmpoM ZiD) mcAa D. CTaH^apTHoe npeflCTasjieHHe flHc|)<J)epeHi];Hajia 
FaTO (6.2) OTo6pa»ceHHa 

f-D^D 

UMeem eud 

(6.7) dfix)ia) = ie a fe 
d^^ fix) 

BupaoKtHue — e paeencmee (6.7) HaaueaemcM CTaH/],apTHoii KOMnoHen- 

ox 

TOH flHc|)c|>epeHi];Hajia FaTO OTo6pa>KeHHa /. 

/^OKaaameAbcmeo. YTBepiKfleHHe TeopeMbi ABJiaeTCfl cjie;i,CTBHeM TeopeMbi 3.10. 

□ 

TeopeMa 6.8. Uycmb D - mejio xapanmepucmuKU 0. Uycmb e - 6a3uc mcAa D 
Had u,eHmpoM ZiD) mcAa D. Tozda du(f)(f)cpeH'nuaA Famo omo6paotccHUii 

f-D^D 

MOCHCHO aanucamb e eude 

dx^ 

zde a £ D uMeem pasAOCHceHue 

a ^ ,e a' G F 
omHocumcAbHO 6a3uca e u MKo6uaH omo6pacHceHUM f UMcem eud 

JHoKaaamcAbcmeo. YTBep^KfleHHe TeopeMbi HBjiaeTCH cjie^CTBHeM TeopeMbi 3.11. 

□ 



(6.8) a/(x)(a)=a' 



Onpe^ejieHHe 6.9. IlycTb D - nojiHoe Tejio xapaKTepncTHKH h a e D. D^-npo- 

^f:D- 

dfix)ia) 



dfix)ia 

HSBOflHaa FaTO — oTo6pa»ceHHa f : D —> D onpe^ejiena pabencTBOM 

Ot,X 



(6.10) dfix)ia)=a- 



difX 



20 AjieKcaHflP Kjiewn 

df(x){a) 

★-D-npoH3BOflHaa TaTO OTo6pa»ceHHa f : D ^ D onpe^ejiena pa- 

BeHCTBOM 

(6.11) df{x){a) = a 

□ 

PaccMOTpHM 6a3HC le — 1, 2e ~ i, ae ~ j, ic ~ k Tejia KBaTepHHOHOB na^ 
nojieM fleflcTBHTejibHbix ^Hceji. Hs HenocpeflCTBenHMx Bbi^HCJieHHii cjie^yeT, hto 
CTaH^apTHoe -D*-npeflCTaBJieHHe ^HcJxjjepeHiiHajia FaTO OTo6pa}KeHHH x'^ HMeeT bh^ 

dx^ia) = {x + X\)a + X2ai + x^aj + x^ak 

TeopeMa 6.10. Uycmb D - noAHoe mejio xapaKmepucmuKU 0. D-k-npouaeodnaM, 
Famo npoeKmueua Had uoacm deucmeumeMHUx uuceji R. 

JJ,OKa3amejibcmeo. Cjie^CTBHe TeopeMbi 6.6 h npHMepa 2.8. □ 

Hs TeopeMbi 6.10 cjie^yeT 
,g ^2) df[^){ra) ^ df{x){a) 

d^x d^x 

fljia jiio6bix rCzR, r^Ona&D^a^O. CjieflOBaTejibHO, I?*-npoH3BOflHafl FaTO 
xopomo onpeflejiena b HanpaBjieHHH a na^ nojien i?,aGD,a^O,HHe saBHCHT 
OT Bbi6opa 3HaHeHHH B 3T0M HanpaBjieHHH. 

TeopeMa 6.11. Uycmb D - noAHoe mcAO xapaKmepucmuKU m a ^ 0. D-k-npou3- 
eoduaji Famo u -kD-npouaeodnaM Famo omodpacuceHUJi f mcAa D cenaanu coom- 
HouienueM 

^^■^^^ — dx ° 

J],OKa3amejibcmeo. Hs paBencTB (6.10) h (6.11) cjie^yeT 

df{x){a) , - _i df{x){a) _^ 
^ ^oj(x){a)a =a — a 

□ 

TeopeMa 6.12. Uycmb D - noAHoe meAO xapaKmepucmuKU 0. JJu(fi(fiepeHU,uaA 
Famo ydoeAcmeopMcm coomHomenuw 

(6.14) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

J^OKaaameAbcmeo. PaBencTBO (6.14) cjie^yeT h3 iienoHKH paBencTB 

d{f{x)g{x)){a)^\i^J,t-\j{x + ta)g{x + ta)^ J{x)g{x))) 

= lini(t"^(/(x + ta)g{x + to) - f{x)g{x + to))) 
+ \iM,t'\f{x)g{x + ta) - f{x)g{x))) 
^Yim{r\f{x + ta)~ f{x)))g{x) 
+ fix)\hn{t-'igix + ta)-gix))) 
ocHOBaHHOH Ha OHpeflejieHHH (6.4). □ 
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TeopeMa 6.13. Uycmb D - nojiHoe mejio xapanmepucmuKU 0. JJ^onycmuM du(f}- 
(pepeHU,uaji Famo omo6paciKeHUM f : D ^ D UMeem paaAootceHue 

(6.15) df{x)(a) ^ a-' 



dx dx 

J],onycmuM ducfjcfjepewi^uaji Famo omodpaameHUM g : D ^ D UMeem paaAootcenue 
(6.16) dgix)ia) = ^—a^— 

KoMnoHewmu du(fi(fiepeH'u,uaAa Famo omo6pacnceHUJi f{x)g{x) uMewm eud 
,g {s)odf{x)g{x) ^ (s)odfix) {t)odfix)g{x) ^ (t)odg{x) 

dx dx dx dx 

{s)idf{x)g{x) ^ (s)ig/(a^) ^, , ^t)idf {x)g{x) ^ {t)idg{x) 

dx dx dx dx 

JJ,OKa3amejihcmeo. XloflCTasHM (6.15) h (6.16) b paseHCTBO (6.14) 
(6.19) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

^ (s)o'9/(^) ^ («)i^/W ^^^^ _^ j^^^ m^djx) ^ {t)idg{x) 
dx dx dx dx 

Onnpaacb na (6.19), mm onpe^ejiaeM paBencTBa (6.17), (6.18). □ 

TeopeMa 6.14. ITycmb D - noAHoe mejio xapanmepucmuKU 0. D-k-npouaeodnaM 
Famo ydoeAemeopjiem coomHomeHum 

/l^oKaaameAbcmeo. PaBencTBO (6.20) cjie^iyeT h3 iienoHKH paBencTB 

\a)^a-'df{x)g{x){a) 

= a-\dfix){a)g{x) + f{x)dg{x){a)) 
~ a^^df{x){a)g{x) + a^^ f{x)aa^^dg{x){a) 
^df{x){a)_^^^^^^_,^^^^Jgix){a) 



df{x)g{ x) ^ _ 
d*x 



□ 



TeopeMa 6.15. ITycmb D - noAHoe meAO xapanmepucmuKU 0. JIu6o D-k-npou3- 
eodnan Famo ne aaeucum om HanpaeACHUM, au6o D^-npouaeodHaM Famo e nanpae- 
ACHUU He onpedeAena. 

/^OKaaameAbcmeo. YTBepiKfleHHe TeopeMbi HBJiHeTca cjie^CTBHeM TeopeMM 6.10 h 
TeopeMbi 5.15. □ 

TeopeMa 6.16. Flycmb D - noAHoe mcAO xapanmepucmuKU 0. Uycmb eduHUHuaji 

df(x)(a) 

c4>epa mcAa D - KOMnanmna. Ecau D-k-npouseodnaM, Famo — cyui,ecmeyem 

o^x 

e moHKC X u Hcnpepuena no HanpaeACHum Had noACM R, mo cymecmeyem HopMa 
||9/(a;)|| du(^(fiepeH'nuaAa Famo. 
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Jl^oKaaameAbcmeo. lis onpeflejiennfl 6.9 cjie^yeT 

dfix){a) 



(6.21) 



\dfix)ia)\ = \a\ 



Hs TeopeM [4]-6.1.18, 6.10 cjie^yeT, hto D^-npoHSBOflnaa FaTO nenpepbiBHa na e^n- 
HHHHoii c4)epe. Tax Kax e^HHHHHaa c4)epa KOMnaxTHa, to MHOJKecTBO snaHeimii 

D^-npOHSBOflHOH FaTO (|)yHKLl,HH / B TO^Ke X orpaHHHeHHO 



9/(x)(a) 



9*x 



< F = sup 



a/(x)(a) 



9* 



CorjiacHO onpeflejieHHK) 5.12 



\\df{x)\\=F 



□ 



TeopeMa 6.17. Uycmb D - nojiHoe mejio xapaKmepucmuKU 0. Uycmb eduHUHuasi 

c(hepa mejia D - KOMnaKmna. Ecjiu D-k-npouaeoduasi Famo ^ cymecmeyem 

o^x 

e mouKe x u nenpepuena no HanpaejieHum Had nojieM R, mo omodpaofceHue f 
Henpepueno e mouKe x. 

/J^OKaaameAbcmeo. Hs TeopeMbi 6.16 cjie^yeT 

(6.22) \df{x)ia)\<\\dfix)\\\a\ 
H3 (6.1), (6.22) cjieflyeT 

(6.23) \f{x + a)~fix)\<\a\ \\dfix)\\ 
Bo3bMeM npOH3BOJibHoe e > 0. HojioiacHM 

s = 



mix) 

\a\ < S 



Tor^a H3 HepaBencTBa 
cjieflyeT 

\fix + a)-fix)\ < \\df{x)\\S^e 
CorjiacHO onpe^ejieHHro 5.10 OTo6pa}KeHHe / nenpepbiBHO b TO^^Ke x. 

7. TABJIHLI,A nPOHSBOflHblX Fato otobpajkehhh tejia 



□ 



TeopeMa 7.1. Uycmb D - nojmoe mejio xapanmepucmuKU 0. Tozda dAsi jim6ozo 



(7.1) 9(6)(a)^0 

J],OKa3amejibcmeo. Henocpe^CTBeHHoe cjie^CTBne onpe/iejieHHH 6.2. 



□ 
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TeopeMa 7.2. Uycmb D - noAHoe mejio xapaKmepucmuKU 0. Toeda Oam aw6ux b, 

(7.2) d{bfix)c){a)=bdf{x){a)c 

{s)odbf{x)c ^ ^(s)odf{x) 



(7.4) 



dx dx 
(s)idbf{x)c _ (s)idf{x) 

dx dx 



rryr:\ dbf{x)c -u df{x){a) 

(^■'^ ^:^^") = " 

J],OKa3amejihcmeo. Henocpe^CTBeHHoe cjie^iCTBHe paeeHCTB (6.14), (6.17), (6.18), 
(6.20) , Tax KaK 95 = ac = 0. □ 

TeopeMa 7.3. Uycmb D - noAHoe meAO xapaKmepucmuKU 0. Toeda Oaji aw6ux b, 
c£ D 

(7.6) d{bxc)(h) = bhc 

(i)adbxc 



(7.7) 
(7.8) 



dx 
{i)idbxc 

dx 



(7.9) ^-^^{h)=h-^bhc 

d^x 

/l^oKaaameAbcmeo. Cjie/iCTBHe TeopeMbi 7.2, Kor/ia f{x) ~ x. □ 

TeopeMa 7.4. Uycmb D - noAHoe mejio xapaKmepucmuKU 0. Tosda Oam aw6o30 
be D 

(7.10) d{xb - bx){h) ^ hb - bh 

(1) od{xb -bx) _ ^ (i)id{xb - bx) _ ^ 

(2) Qd{xb - 6.t) _ (2)i9(a;6- ba;) _ ^ 

dx dx 

^^^^^ih) = h^^bhc 

dt:X 

JJoKaaamcAbcmeo. CjieflCTBHe TeopeMbi 7.2, Kor^a f{x) = x. □ 
TeopeMa 7.5. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. Tozda 

d{x^){a) — xa + ax 

(7.11) , 

— — [a) —a xa + X 
d^x 

(i)o9a;2 _ ^ (i)i9a;^ 



dx dx 
(7.12) 

dx dx 

^OKaaamcAbcmeo. (7.11) cjie^yeT h3 npHMepa 6.1 h onpeflejieHHH 6.9. (7.12) cjie- 
flyei H3 npHMepa 6.1 h paBencTBa (6.6). □ 
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TeopeMa 7.6. Uycmb D - nojiHoe mejio xapaKmepucmuKU 0. Tozda 

(7.13) d{x-^){h) = -x-^hx-^ 

^^{h) = -h-'x-'hx~^ 
o^x 

{i)odx^^ „i ii)idx-^ _^ 

= — 5 = ^ 

ox ox 

JJoKasameAbcmeo. XloflCTasHM f{x) — x~^ b onpe^ejieHne (6.4). 

df{x){h) = lim {t-^{{x + th)-^ - x'^)) 

t — »0. t^R 

= lim {t~^({x + th)~^ -x~'^ix + th){x + thY'^)) 
t^o, ten 

(7.14) = lim (i"i(l -x"i(x + i/i))(x + t/i)"i) 

t — »0. t^R 

= lim (t^^l - 1 -a;"4/i)(x + t/i)^M 

= lim (-x~'^h(x + th)~'^) 
t^o, te-R 

PaseHCTBO (7.13) cjie^yeT h3 ijeno^KH paseHCTB (7.14). □ 
TeopeMa 7.7. Uycmb D - noAHoe mejio xapaKmepucmuKU 0. Tozda 

(7.15) d{xax^^){h) = hax"^ — xax~^hx~^ 

-{h) = ax^^ — h^^xax~^hx~^ 



dxax ^ 



d^x 

ii)odx~^ _ ^ {i)idx-'^ 

dx 1 

{2)Qdx'^ _ _i (2)1^2;" 



= -xax ' X ^ 

ox Ox 

J],OKa3amejibcmeo. PaseHCTBO (7.15) HBJifleTca cjie/iCTBHeM paBencTB (6.14), (7.6), 
(7.15). □ 

8. IlPOHSBOflHAil BTOPOrO nOPilflKA OTOBPA>KEHHiI TEJIA 

IlycTb D - HopMHpoBaHHoe Tejio xapaKTepncTHKH 0. IlycTb 

4)yHKL(HH, ^H(J)(|)epeHL(HpyeMafl no FaTO. CorjiacHO saMeHaHHio 6.3 npoHSBO^HaH 
FaTO HBjiHeTca OTo6pa}KeHHeM 

df:D^C{D-D) 

CorjiacHO TeopeMaM 2.2, 2.3 h onpe^ejienHK) 5.12 MHOJKecTBO C{D;D) ABJiaeTCH 
HopMHpoBaHHbiM ZJ-BeKTopHbiM npocTpaHCTBOM. CjieflOBaTejibHO, Mbi MOJKeM pac- 
CMOTpeTb Bonpoc, HBJiHeTCH jiH OTo6pa}KeHHe df flH(J)(J)epeHLi,HpyeMbiM no FaTO. 
CorjiacHO onpeflejiennio [4J-8.2.1 

(8.1) df{x + a2)(ai) - df{x)iai) = d{df{x){ai)){a2) + 02(02) 

r^e 02 '■ D ^ C,{D] D) - Taxoe nenpepbiBHoe OToGpajKenne, ^to 

lim M^^O 
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CorjiacHO onpe^ejieHHio [4J-8.2.1 OTo6pa»:eHHe d{df{x){ai)){a2) jiHHefiHO no nepe- 
MeHHoii 02. Hs paBencTBa (8.1) cjie^iyeT, hto OTo6pa>KeHHe 9(5/(x)(ai))(a2) jih- 
HeiiHO no nepeMennoii oi. 

OnpeflejiGHHe 8.1. XlojinjinneHHoe OTo6pa»ceHHe 

(8.2) a2/(x)(ai;a2) = ^^(a^; a^) = 5(a/(x)(ai))(a2) 

nasbiBaeTCH npoHSBO^HOH Faxo BToporo nopa^Ka OTo6pa»ceHHH / □ 

SaMenauue 8.2. Corjiacno onpe^ejiennio 8.1 npn sa^annoM x ^H4)(|)epeHn,Haji FaTO 
BToporo nopa^Ka d^f{x) € C{D,D;D). CjieflOBaTejibno, flncJxJjepeniiHaji FaTO 
BToporo nopa^Ka OTo6pa>KeHHa / HBjiaeTca OToGpajKenneM 

d^f -.D^ C{D,D:D) 

TeopeMa 8.3. Mu MootceM npedcmaeunib flH(J)(J)epeHi];Haji FaTo BToporo no- 
pa^Ka OTo6pa>KeHHa / e eude 

(8.3) d /(.T)(ai;a2) = fT.(ai) ^3(02) 

JJ,OKa3amejihcmeo. CjieflCTBne onpe^ejienna 8.1 n TeopeMbi [3]-11.2.3. □ 

11 (s)pd'^f{x) 

Onpe^ejieHHe 8.4. Mm 6yAeM nasMBaTb BbipajKenne , p = 0, 1, 

ox'^ 

KOMnoHeHToii npoHSBOflHoii FaTO OTo6pa»ceHHa f{x). □ 

Ho HHflyKn,HH, npe^nojiaraa, hto onpe^ejiena npoHSBO^naa FaTO d"^^f{x) no- 
pa^Ka n — 1, mm onpe^ejiHM 

(8.4) 9"/(^)(«i;-;«n) = ^^(ai;...;a„)=a(a"-V(a;)(ai;-;«n-i))(«n) 

npoH3BOflHyio FaTO nopa^Ka n oTo6pa»ceHHa /. Mm 6yfleM TaK»ce nojiaraTb 
d°fix) = fix). 

9. PJifl Tehjiopa 

PaccMOTpHM MHoroHjien Oflnon nepeMennoii na^ TejiOM D CTenenn n, n > 0. Hac 
HHTepecyeT CTpyxTypa o^nonjiena pfe(a;) Mnoro^jiena CTenenn k. 

O^eBn^no, ^to o^nonjien CTenenn nMeeT bh^ ao, ao € D. IlycTb k > 0. /JoKa- 

JKeM, HTO 

Pkix) = pk-i{x)xak 

Tflfi ak G D. /JeiicTBHTejibno, nocjieflHHii MnojKHTejib o^nonjiena pk{x) HBjiaeTca 
jih6o Qk € D, jin6o nMeeT Bn^ a;', ^ > 1. B nocjieflneM cjiynae mm nojioJKHM a/j = 1. 
MnojKnTejib, npeflmecTByroninn ak, HMeeT Bn^ x', Z > 1. Mm MOJKeM npe^CTaBHTb 
3TOT MHOJKnTejib B Bn^e x''~^x. Cjie^OBaTejibno, yTBepjK^enHe ^oxasano. 

B ^acTHOCTH, o^nonjien CTenenn 1 HMeeT BHflpi(x) = 09x01 . 

He napymaa o6iri;HOCTH, mm MOJKeM nojioJKnTb k = n. 



^^Mti nojiaraeu 

dx^ dxdx 
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TeopeMa 9.1. /f^^ npouaeoMbHozo m > cnpaeedAueo paeeucmeo 
a'"(/(x)x)(/ii;...;/i„0 

(9.1) =a'"/(.T)(/ii; K,)x + d'^-^f{x){hr, 

+a'"-V(a;)(/H;...;/im-i;/i™)/ii + ... 

2cle cuMeoA /i* oanaHaem omcymcmeue nepeMCHHOu e cnucne. 
J],OKa3amejihcmeo. JXnn m = 1 - sto cjie^CTBHe paseHCTBa (6.14) 

d{f{x)x){h,) = 9/(x)(/ii)x + f{x)h, 
/lonycTHM, (9.1) cnpaBefljiHBO fljia m — 1. Tor^a 
a"-i(/(x)a;)(/ii;...;/i,„_i) 

(9.2) =a'"-V(2:)(/ii; /i™-i)x + a'"-V(2:)(/ii; h,n-2)hm-i 

+d"'-'\fix){Tu ...,hm-2,hm-l)hi + ... 
+d"'^'^f{x){hi, ...,h„i^2,hjn-l)h,n-2 

Ilojibsyacb paBeHCTBaMH (6.14) h (7.2) nojiyHHM 
d"^{f{x)x){hi; ...■,hm-i;Kn) 
=d"^f{x){hi; hm-i; Kn)x + d"'^^ f{x){hi; /i,„_2; hm-i)h, 



(9.3) 






•••7 ^m- 


-2; hm- 


-I7 ^m)^m— 1 








■ • ■ ; ^m- 


-2, hm- 


-1; hm)hi + . 








■ ■ ■ ; ^m- 


-2, ^m- 


-1; hm)hm-2 



PaBeHCTBa (9.1) h (9.3) OTJiH^aiOTCH tojibko (jjopMoii aanncn. TeopeMa flOKasana. 

□ 

TeopeMa 9.2. UpouaeodHaM Famo d™pn{x){hi, ...,hm) neAnemcn cuMMempuH- 

HUM MHOBOHACHOM UO nCpeMCHHUM hi, hm ■ 

JHoKaaameAbcmeo. Jlim floxasaTejibCTBa TeopeMbi mm paccMOTpHM ajire6paHHe- 
CKHG CBOHCTBa npoH3BOflHOH FaTO H flaflHM SKBHBajiBHTHoe onpe^ejieHHe. Mm naH- 
hSm c nocTpoeHHfl oflHOHjiSHa. /Jji-h npoHSBOJibHoro OflHOHjieHapn(a;) mm nocTpoHM 
CHMMeTpHHHMH MHoro^jiBH r„ (x) corjiacHO cjie/iyioinHM npaBHjiaM 

• EcjiH pi{x) = ooxai, TO ri{xi) = a^XiUi 

• EcjiHp„(x) =p„_i(a;)a„, to 

{x\ , . . . , Xn ) — ^n— 1 (*^[1 ; ■ ■ ■ i -^n— 1 )^n] '^n 

r^e KBaflpaTHbie cko6kh BbipajKaiOT CHMMeTpnsaiiHio BbipajKenHH no nepe- 

MeHHMM Xl, Xn- 
OHeBHflHO, HTO 

Pn {x^ — Tyi (xi , . . . , Xn) X\ — ... — Xn — X 

Mm onpe^ejiHM npoHSBO^Hyro FaTO nopa^Ka k corjiacno npaBHJiy 

(9.4) d''pn{x){hi,...,hk) ^rn{hi,...,hk,Xk+i,...,Xn) Xk+l = Xn = x 
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CorjiacHO nocTpoeHHio MHoroHjien r„(hi, hk, Xk+i, Xn) CHMMeTpn^^eH no ne- 
peMeHHbiM hi, hk, x^+i, a;„. Cjie^OBaTejibHO, MHoro^jien (9.4) CHMMeTpn^en 
no nepeMennbiM hi, h^. 

ripn k = 1 Mbi flOKajKeM, nTO onpe^ejienne (9.4) npoHSBO^non FaTO coBna^aeT 
c onpe^ejienneM (6.10). 

JXjia n = 1, ri{hi) = aohiai. 9to BbipajKenne coBna^aeT c BbipajKenneM npons- 
BOflHoii FaTO b Teopene 7.3. 

HycTb yTBepjKflenne cnpaBe^jiHBO jijir n — 1. CnpaBe^jiHBO paBencTBO 

(9.5) r„(/ii ) = r„_i(/ii {X2, ...,Xn)hian 

IlojioJKHM X2 = ■■■ = Xn = X. CorjiacHO npeflnojioJKennio miflyKUfm, h3 paBencTB 
(9.4), (9.5) cjie^yeT 

yf^l ; X2 5 ■ ■ ■ 3 Xn ) = dpn-i{x){hi)xan + Pn^i{x)hian 

CorjiacHO Teopene 9.1 

rn{hl,X2, ■■■,Xn) = dpn{x){hi) 

^^T0 flOKa3biBaeT paBencTBO (9.4) ^jih k = 1. 

^OKajKeM Tenepb, nTO onpe^ejienne (9.4) npoHSBO^non FaTO coBna^aeT c onpe- 
^ejienneM (8.4) ^jih fc > 1. 

HycTb paBencTBO (9.4) Bepno pjia k — 1. FaccMOTpnM nponsBOJibnoe cjiaraeMoe 
MHoro^jiena rn{hi, ...,hk-i,Xk, ■■■,Xn)- OTOJKflecTBjiHH nepeMennbie hi, hk-i c 
sjieMenTaMH Tejia D, mm paccMOTpnM MnoroHjien 

(9.6) R„-k{Xk, ■.■,Xn) = Tnihi, . . . , /lfe„i , Xfc , ...,Xn) 
HOJIOJKHM P„_fc(x) = Rn-kixk: ■■■,Xn), Xk = ■■■ = Xn ^ X. Cjie^OBaTejIbHO 

Pn-k{x) = d^-^pn{x){hi; hk-i) 
CorjiacHO onpeflejiennio (8.4) nponsBOflnoii FaTO 

dPn-k{x){hk) =d{d''-^pn{x)(hi; hk-l)){hk) 

(9.7) =d''pn{x){hi;...;hk-i;hk) 
CorjiacHO onpeflejiennio npoHSBO^non FaTO (9.4) 

(9.8) dPn-k{x){hk) ^ Rn-k{hk,Xk+l, ■■■,Xn) Xk+l^Xn^X 

CorjiacHO onpeflejiennro (9.6), h3 paBencTBa (9.8) cjiepyeT 

(9.9) dPn-k{x){hk) ^rn{hi,...,hk,Xk+l,...,Xn) Xk+l^Xn^X 

H3 cpaBnennfl paBencTB (9.7) n (9.9) cjie^yeT 

d*'pn{x){hi; ...■,hk) = r„(/ii, ...,hk,Xk+i, ■■■,Xn) Xk+i ^ Xn = x 

Cjie^OBaTejibHO pabencTO (9.4) Bepno ^jih jiK)6bix k vi n. 

yTBepjKflenne TeopeMbi flOKaaano. □ 

TeopeMa 9.3. JJjim npouaeoAhHozo n > cnpaeedAueo paeencmeo 

(9.10) d^+^pn{x){hi;...;hn+i)^0 
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JJ,OKa3amejihcmeo. Tax xax ^0(2;) ~ ao, G -D, to npn n = TeopeMa aBjiaeTca 
cjieflCTBHeM TeopeMbi 7.1. IlycTb yTBepjK^eHHe TeopeMbi eepHO ^jia n — 1. CorjiacHO 
Teopene 9.1 npH ycjiOBHH f{x) = Pn-i{x) mm HMeeM 

i9"+V„(a;)(/ii; ...;/i„+i) =a"+^(p„_i(2:)a;a„)(/ii; /i„+i) 
=a"+V>i-i(a;)(/ii; hm)xan 

)/iia„ + ... 

CorjiacHO npeflnojioJKeHHio hh^ykiimh Bce o^HOHjieHbi paBHbi 0. □ 
TeopeMa 9.4. Ecjiu m < n, mo cnpaeedjiueo paeencmeo 

(9.11) 9>„(0)(/i)=0 
J],OKa3amejihcmeo. JXna n = 1 cnpaBe^jiMBO paBencTBO 

d^Pi{Q) = a^xai = 
^onycTHM, yTBep>KfleHHe cnpaBefljiHBO fljia n—1. Tor^a corjiacHO TeopeMe 9.1 
9™(p„_i(x)xa„)(/ii; 
=9™p„-i(a;)(/ii; hm)xan + 9™~ Vn-i(a;)('ii; hm-i)hman 

IlepBoe cjiaraeMoe paBHO Tax xax x = 0. Tax xax to — l<7i— 1,to ocTajibHbie 
cjiaraeMbie paBHbi corjiacHO npe^nojiojKeHHio HHflyKiiHH. yTBepjK^eHHe TeopeMbi 
flOKasano. □ 

ECJIH hi = ... = hn = h, TO Mbl nOJIOJKHM 

d"f{x)ih) = d^fix){hr,...;h^) 

9Ta sanncb ne 6yfleT npHBOflHTb k HeoflHOsnaHHOCTH, Tax xax no nncjiy apryMeHTOB 
acHO, o KaKoii 4)yHKLi;HH H^eT penb. 

TeopeMa 9.5. /]^aji npouaeoAbuozo n > cnpaeedjiueo paeencmeo 

(9.12) d^pn{x){h)=n\pn{h) 
J],OKa3amejihcmeo. JXna n = 1 cnpaBe/iJiHBO paBencTBO 

dpi{x){h) ~ d{aaxai){h) = a^hai = l!pi(/i) 
/lonycTHM, yTBepjK^eHHe cnpaBefljiHBO fljia n—1. Tor^a corjiacHO TeopeMe 9.1 

(9.13) a>„(x)(/i) =a>„_i(x)(/i)a;a„ + 9"" V.-i(a;)(/i)/ian 

+... + a""Vn-i(a;)(/i)^an 

ITepBoe cjiaraeMoe paBHO corjiacHO TeopeMe 9.3. OcTajibHbie n cjiaraeMbix paBHbi, 
H corjiacHO npe^nojioJKeHHio HHflyKiiHH h3 pabencTBa (9.13) cjie^yeT 

d"pn{x){h) = nd"~^pn-i{x){h)han = n(n - l)!p„_i(/i)/ia„ = n!p„(/i) 

Cjie^OBaTejibHO, yTBepjK^eHHe TeopeMbi Bepno fljia jiio6oro ?i. □ 
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IlycTb p{x) - MHO^o^^JIeH CTeneHH n}^ 

p{x) = po +pu^{x) + ... +Pni„{x) 

Mm npe^nojiaraeM cyMMy no HH^eKcy ik, KOTopbiii HynepyeT cjiaraeMbie CTenenH 
k. CorjiacHO TeopeMaM 9.3, 9.4, 9.5 

d^p{x){hi;...; hk) = klpki^{x) 

Cjie^OBaTejibHO, mm MOJKeM sanncaTb 

p{x) ^po + {ll)-^dp{0){x) + i2\)-^d^p{0){x) + ... + {nl)-^dyiO){x) 

9to npe^CTaBjieHHe MHoroHjiena nasMBaeTCH (JjopiviyjioH Teftjiopa flJia mhofo- 

Hjiena. Ecjih paccMOTpeTb saMeny nepeMenHMx x = y — to paccMOTpenHoe 
nocTpoenne ocTaeTca BepHMM ^jih MHoro^jiena 

p{y) =po +puAy - yo) + ■■■+Pm^{y - yo) 

OTKy^a cjie^yeT 

p{y)=Po + il\)-'dp{yo){y-yo) + m-'d'p{yo)iy-yo) + - + inl)-'dy{y„)iy-yo) 

IlpeflnojioJKHM, HTO (|)yHKLi;HH f{x)) b tohkg xq flH(|)4)epeHi];HpyeMa b cmmcjig 
FaTO ^o jiK)6oro nopa^Ka.^'^ 

TeopeMa 9.6. Ecjiu dAsi (pyuK'nuu f{x) eunojiUHemcsi ycjioeue 

(9.14) fixo) = df{xo){h) = ... = d^f{xo){h) = 

mo npu t ^ Q eupaotcenue f{x + th) MeAMemcM 6ecK0HeHH0 MaAou nopHdna euuie 
n no cpaeneHuw c t 

f{xo + th) = o{e) 

JJ,OKa3amejihcmeo. IlpH n = 1 sto yTBepjK^eHHe cjie^yeT h3 paBencTBa (6.5). 
IlycTb yTBepjKfleHHe cnpaBe^jiHBO ^Jia n — 1. JXjir OTo6pajKeHHH 

h{x)=df{x){h) 

BbinOJIHHeTCH yCJIOBHe 

fi{xo) = dh{xo){h) = ... = d"-^h{xo){h) = 

CorjiacHO npeflnojioJKeHHio HHflyKiiHH 

h{xo+th)^o{r-^) 

Tor^a paBencTBO (6.4) npHMeT bh^ 

o(r-i) = lim (t"^f(x + th)) 
t^o, teR 

Cjie^OBaTejibHO, 

f{x + th)^o{e) 

a 



51 paccMaTpHBaro (Jjopwyjiy Teiijiopa fljia MHoroijieHa no aHajiorHH c nocTpoeHHSM tJjopMyjiti 
Teftjiopa B [7], c. 246. 

paccMaTpHBaro nocTpoeHne pafla Teftjiopa no anajiornn c nocTpoenneM pafla Teftjiopa b 
[7], c. 248, 249. 



30 



AjieKcaH^p KjieHH 



CocTaBHM MHoroHjieH 
(9.15) p{x) = f{xo) + {ll)-'dfixo)ix - xo) + ... + {nl)-'d^f{xo){x - xo) 
CorjiacHO Teopene 9.6 

f{xo + t{x - Xo)) - pixo + t{x - a-o)) = o(i") 
CjieflOBaTejibHO, nojinnoM p{x) flBjiaeTCfl xopomeii anpoKCHMaiineii OTo6pa>KeHHH 
/(^). 

EcjiH OTo6pa}KeHHe f{x) HMeeT npoHSBOflHyro FaTO jiio6oro nopa^Ka, to nepe- 
xoflH K npe^ejiy n ~> oo, mm nojiy^HM pasjiojKeHHe b pa^ 

oc 

/(a;) = ^(n!)~ia"/(xo)(x-.To) 

Tl = 

KOTopbiii HasbiBaeTCJj pa^oM Teftjiopa. 

10. HHTErPAJI 

IIoHaTHe HHTerpajia HMeeT pasHbie acneKTbi. B stom paa^ejie mm paccMOTpHM 
HHTerpupoBaHHe, xax onepaijHK), oSpaTHyro ^H4)(|)epeHLi,HpoBaHHK). Ho cyTH ^ejia, 
MM paccMOTpHM npoijeflypy peinenHH o6biKHOBeHHoro flHcJxJjepeHiiHajibHoro ypaB- 

HeHHH 

df[x){h) = F{x-h) 

IIpHMep 10.1. 51 Ha^Hy c npHMepa flH(J)4)epeHLi,HajibHoro ypaBneHHH na^ nojieM 

^leiiCTBHTejIbHMX ^Hceji. 

(10.1) y' = Zx^ 

(10.2) = yo = 

XIocjie^OBaTejibHO flH(J)(J)epeHii;Hpyfl paBencTBO (10.1), mm nojiynaeM iieno^^Ky ypaB- 
HeHHii 

(10.3) v" = 6a; 

(10.4) y'" = 6 

(10.5) =0 n > 3 

H3 ypaBHeHHii (10.1), (10.2), (10.3), (10.4), (10.5) cjie^yeT pasjioJKenHe b pa^ Teii- 
jiopa 

y = x^ 

□ 

IIpHMep 10.2. PaccMOTpHM anajiorn^Hoe ypaBnenHe na^ TejiOM 

(10.6) d{y)(h)^hx^ ^ xhx + x^h 

(10.7) a;o = j/o = 
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IlocjieflOBaTejibHO flH(J)(|)epeHLi;HpyH paBencTBO (10.6), mm nojiy^aeM ^e^o^^Ky ypae- 
HeHHii 

(10.8) d^{y){hi;h2) 

—hih2X + hixh2 + h2hix + xhih2 + h2xhi + xh2hi 

(10.9) d\y)ihi;h2;h3) 

=hih2h^ + hih^h2 + + ^3/^l^2 + h2h^hi + /13/12/11 

(10.10) a"(j/)(/ii;...;/i„) ==0 n>3 

H3 ypaBHeHHH (10.6), (10.7), (10.8), (10.9), (10.10) cjie^yeT pasjioaceHHe b pa^ 
Teiijiopa 

y = x^ 

□ 

SaMenanue 10.3. ^HcjscjjepeHLiHajibHoe ypaBneHHe 

(10.11) d{y){h) = ihx^ 

(10.12) a;o = j/o = 

Tax }Ke npHBO^HT k pemeHHK) y = x^ . OHeBH^HO, ^to sto OTo6pa}KeHHe ne y^OBJie- 
TBopaeT flH4)4)epeHLi,HajibHOMy ypaBHenHio. OflnaKO, BonpexH Teopene 9.2 BTopaa 
npoHSBOflHaa ne HBjiaeTCH CHMMeTpni^HbiM MHoroHjienoM. 9to roBopHT o tom, hto 
ypaBHenne (10.11) ne HMeeT pemeHHii. □ 

IIpHMep 10.4. O^eBH^HO, ecjiH 4)yHKLi,HH yflOBJieTBopaeT jxa^<^e:pemxaajibnoMy 
ypaBHeHHK) 

(10.13) d{y){h) = (,)o/ h 
TO BTopaa npoH3BOflHafl FaTO 

d^f{x){hi-h2)=^ 

Cjie^OBaTejibHO, ecjiH sa^ano naHajibHoe ycjiOBHe t/(0) — 0, to ^n4)(|)epeHLi;HajibHoe 
ypaBHenne (10.13) HMeeT pemeHne 

y = (.s)o/ X 

□ 

11. 3KCnOHEHTA 

B 3T0M pasflGJie mm paccMOTpnM o^ny h3 bosmojkhmx MOflejieii nocTpoenHfl skc- 

nOHGHTM. 

B nojie MM MOJKGM onpe^ejiHTb SKcnoHBHTy xax pemeHHe flH(|)(|)epeHLi;HajibHoro 
ypaBHeHHH 

(11.1) y' = y 

OHBBHflHO, HTO MM HB MOJKBM 3aHHCaTb H0fl06H0B ypaBHBHHH flJIH TBJia. OflHaKO 
MM MOJKBM BOCHOJIbSOBaTbCH paBBHCTBOM 

(11.2) d{y){h) = y'h 
Hs ypaBHeHHH (11.1), (11-2) cjie^yeT 

(11.3) d{y){h)^yh 
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9to ypaBHeHHe y>Ke 6jiH}Ke k Hameii ijejiH, oflnaKO ocTaeTca otrpbitbim sonpoc b 
KaKOM nopa^Ke mm flOJiJKHbi nepeMHOJKaTb yah. Hto 6bi OTBeTHTb na 3tot sonpoc, 
Mbl HSMeHHM sanHCb ypaBHeHHH 

(11.4) d{y){h)^]^{yh + hy) 

CjieflOBaTejibHO, nama sa^a^a - peniHTb flH(i)4)epeHLi;HajibHoe ypaBHeHHe (11.4) npn 
Ha^ajibHOM ycjiOBHH ?/(0) = 1. 

/^jia 4)opMyjiHpoBKH H flOKasaTejibCTBa TeopeMbi 11.1 a BBe^y cjieflyiomee o6o- 
SHaHenne. IlycTb 

y hi ... hr, 
^a{y) a{hi) ... (T(/i„)y 
HepecTanoBKa KopTe»ca nepeMennbix 

(y hi ... hn) 

06o3HaT^HM Pu{hi) no3HH,HK), KOTopyro saHHMaeT nepeMeHHaa hi b KopTejKe 

(cr(y) a{hi) ... a{hn)) 

HanpHMep, ecjiH nepecTanoBKa a HMeeT bh^ 

y hi h2 hs^ 
yh2 y hs hi^ 
TO cjieflyioiuHe KopTe»cH pasHbi 

{a{y) a{hi) cr(/i2) aQis,)) = {h2 y /13 hi) 

= {Pa{h2) Pa{y) Pa{hz) Pa{hi)) 

TeopeMa 11.1. ITpouaeodHaji Famo nopjidna n (fiyuKv^uu y, ydoeAemeopjimineu 
du(f}(f}epeHV,uaAbHOMy ypaeneHum (11-4) UMeem eud 

(11.5) d-{y){hi,...,hn) = i^^a(2/)a(/ii)...a(/i„) 

a 

gde cyMMU eunoAHena no nepecmaHoenaM 

y hi ... hn 



^cj{y) a{hi) ... a{hn)^ 

MHOMcecmea nepeMennux y , hi, hn. UepecmaHoeKa a o6Madaem cjiedymvuuMU 
ceoucmeaMU 

(1) EcAU cyinecmeymm i, j, i ^ j, manue, nmo Pa{hi) pacnoAasaemcM e npo- 
uaeedenuu (11.5) Aeeee Pa-{hj) u Pa-{hj) pacnoMazaemcM, Jieeee Pa{y), mo 
i < j. 

(2) EcAU cyinecmeywm i, j , i ^ j , maKue, nmo Pa{hi) pacnoAasaemcM e npo- 
uaeedenuu (11-5) npaeee pa{hj) upa{hj) pacnoAaeaemcji npaeee p^iy) , mo 
i > j. 

/^OKaaameAbcmeo. Mm ^OKajKeM sto yTBepjKflenHe HHflyKH,HeH. JH^Jia n = 1 yTBep- 
jK^enne Bepno, Tax xax sto flH4)(J)epeHLi,HajibHoe ypaBHeHHe (11.4). IlycTb yTBep- 
jK^enne Bepno ^jih n ^ k — 1. Cjie^OBaTejibHO 

(11.6) d''-\y){hi,...,hk-i) = ^^a(y)a(/ii)...a(/ifc_i) 
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r^e cyMMa BbinojiHena no nepecTanoBKaM 

y hi 



a 



(T{y) a{hi) ... a{hk-i] 

MHOJKecTsa nepeMeHHbix y, hi, h^-i. IlepecTaHOBKa a yflOBJieTBopaeT ycjiobham 
(1), (2), ccJjopMyjiHpoBaHHbiM B TBopeMe. CorjiacHO onpe^ejieHHio (8.4) npoHSBO^- 
Haa FaTo' nopa^Ka k HMeeT bh^ 

d''iy)ihi,...,hk) =d{d^-\y){hi,...M-i)){hk) 



(11.7) 



~d{^a{y)a{hi)...a{hk^i)^ (hk) 



Hs paBBHCTB (11.4), (11.7) cjie^yeT 
d''{y){hi,...,hk) 



(11.8) (T. ^{yhu)(T{hi)...a{hk-i) + <hj,y)cT{hi)...a{hk-i)^ 

HeTpyflHO BHfleTb, ^to npoHSBOJibHaa nepecTanoBKa a h3 cyMMbi (11.8) nopojK^aeT 
flBe nepecTanoBKH 



(11.9) 



V hi 

yTl{y) Tlihl) 

hky hi 
^a{hky) a{hi) 

y hi 
^My) Mhi) 

yhk hi 
^(7{yhk) a{hi) 

H3 (11.8) H (11.9) cjie^yeT 

d''{y){hi,...,hk) 



Tl 



T2 



hk~i hk 

ri(/ifc_i) Ti{hk) 
hk-i 
o-{hk-i) 

hk~i hk 

T2{hk-l) T2{hk) 

hk-i 
o-{hk-i) 



(11.10) 




Ti{y)Ti{hi)...Ti{hk-i)Ti{hk) 



- X! '^2 (y)T-2 (/il ) • ■ •T2 (/ife- 1 )t-2 (/ifc) 



B BbipajKeHHH (11.10) Pnihk) sanHcano nenocpe/iCTBeHHO nepe^Pri(j/)- Tax xax k 
- caMoe 6ojibmoe SHa^enne HH^eKca, to nepecTanoBKa ri y^oBJieTBopaeT ycjiOBHSM 
(1), (2), c4)opMyjiHpoBaHHbiM B TeopeMB. B BbipajKeHHH (11.10) Pr^ihk) sanHcaHO 
Henocpe^CTBeHHO nocjie (y) ■ Tax xax k - caMoe 6ojibmoe SHaneHHe HH^eKca, to 
nepecTanoBKa T2 y^OBjieTBopaeT ycjiOBHHM (1), (2), c(|)opMyjiHpoBaHHbiM b TeopeMe. 

HaM ocTajiocb noxasaTb, ^to b BbipajKennH (11.10) nepe^HCJienbi Bce nepecTa- 
HOBKH T, yflOBJieTBopfliomHe ycjiOBHHM (1), (2), c4)opMyjiHpoBaHHbiM B TBopeMe. 
Tax KaK k - caMbra 6ojibmoH HH^eKC, to corjiacno ycjiOBHHM (1), (2), ccjsopMyjiHpo- 
BaHHbiM B TeopeMe, T[hk) sanHcano nenocpeflCTBeHHO nepe^ hjih nenocpeflCTBeHHO 
nocjie T{y). CjieflOBaTejibHO, jiio6afl nepecTanoBKa t HMeeT jih6o bh^ ti, jih6o bh^ 
T2. IlojibsyHCb paBeHCTBOM (11.9), Mbi MOJKeM fljiH saflaHHoii nepecTanoBKH r naiiTH 
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cooTBeTCTByiomyio nepecTanoBKy a. CjieflOBaTejibHO, yTBepjKfleHHe TeopeMbi Bepno 
fljia n = k. TeopeMa flOKasana. □ 

TeopeMa 11.2. PemenueM du(f}(f}epeHV,uajibHOgo ypaeneHUM, (11.4) npu HanajihHOM 
ycjioeuu y{0) = 1 jieAJiemcji aKcnoHeuma y = KomopaM UMeem cjiedymvuee 
paajiocHceHue e pjid TeuAopa 

(11.11) e" = y-x" 

/]^OKa3amejibcmeo. HpoHSBO^Hafl FaTO nopaflKa n coflepjKHT 2" cjiaraeMbix. ^efl- 
CTBHTejibHO, npoHSBOflHaa FaTO nopa^Ka 1 co^epjKHT 2 cjiaraeMbix, h Ka>Kfloe ahcJ)- 
4)epeHi];HpoBaHHe ybejiH^HBaeT hhcjio cjiaraeMbix BflBoe. Hs naHajibHoro ycjiOBHs 
2/(0) = 1 H TeopeMbi 11.1 cjie^yeT, hto npoHSBOflHaa FaTO nopa^Ka n hckomoto 
pemeHHH HMeeT bh^ 

(11.12) d''{0){h,...,h) = 1 

H3 paBGHCTBa (11.12) cjie^yeT pasjioxeHHe (11.11). b pa/; Teiijiopa. □ 
TeopeMa 11.3. Paeencmeo 

(11.13) 6"+^ = e°e^ 
cnpaeedAueo mozda u moAbKO mozda, Kozda 

(11.14) ah^ha 

JJ,OKa3amejihcmeo. JXJia flOKasaTejibCTBa TeopeMbi ^ocTaTO^HO paccMOTpeTb pa^bi 
Teiijiopa 

OO 

(11.15) e° = y-a" 
^ ' ^ n! 

n=0 

OO 

(11.16) e' = Y. 

OO ^ 

(11.17) 6''+'' = ^ -(a + 5)" 

n=0 ^' 

IlepeMHOJKHM BbipajKeHHa (11.15) h (11.16). CyMMa OflHOHjienoB nopa^Ka 3 HMeeT 

BHfl 

(11.18) ia3 + ia26+la62 + i&3 
H He coBHa^aeT, BOo6iri;e roBopa, c BbipajKeHneM 

(11.19) i(a + 6)^ = + + ^aha + i&a^ + ^ab^ + \ah + ife^a + 

6 66666666 

^OKasaTejibCTBO yTBepjK^enHa, ^^to (11.13) cjie^yeT h3 (11.14) TpHBHajibHO. □ 

Cmmcji TeopeMbi 11.3 CTanoBHTca acnee, ecjiH mm BcnoMHHM, ^to cymecTByeT 
flBe MO^ejiH nocTpoeHHa SKcnoneHTbi. IlepBaa MO^ejib - sto pemeHne ^HcjjcjjepeHiiH- 
ajibHoro ypaBHenna (11.4). BTopaa - 3to Hsy^enne o^HonapaMeTpH^ecKofi rpynnbi 
npeo6pa30BaHHH. B cjiy^ae nojia o6e MO^ejiH npHBO^aT k oflHoii h toh >Ke (J)yHK- 
iIHH. 51 He Mory SToro yTBepjK^aTb ceiiHac b o6iri,eM cjiy^ae. 9to Bonpoc OT^ejibHoro 
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HCCJieflOBaHHH. Ho ecjin BcnoMHHTb, hto KBaTepHHOH aejiaeTCH anajioroM npeo6pa- 
30BaHHH TpexMepHoro npocTpancTBa, to yTBepjK^eHHe TeopeMbi CTanoBHTca o^e- 

BH^HblM. 

12. JThhehhah OyHKLtHH KOMnjlEKCHOrO nojiH 

TeopeMa 12.1 (ypaBHeHHH Komn - PHMana). PaccMompuM noAe KOMUAeKcnux 
Huceji C KUK deyMepHym aAze6py Had nojiem deucmeumejibHux nuceji. Uoaochcum 
oe = 1, {e = i - 6a3uc aAze6pu C . Tozda e amoM 6a3uce cmpynmypHue KOHcmaumu 
UMewm eud 

ooB^ = 1 01^^ = 1 
Mampwua AuneuHou (fiyHKi^uu 

y '^x^ jf 

nojin KOMUAeKCHUx Huceji Had hojicm deucmeumejihHux nuceji ydoejiemeopjiem co- 
orriHomeHuw 

(12.1) o/° = i/^ 

(12.2) of = -if 

fl^oKaaamejihcmeo. Sna^eHHe CTpyKTypnbix KOHCTaHT cjie^yeT h3 paBencTBa P = 
— 1. IIojibsyHCb paBeHCTBOM (3.17) nojiy^aeM cooTHomenHfl 

(12. 0/ — / fcO-D pj-D — / OO-D Or-O +7 lO-tS l,.i> — / — / 

(12.4) o/' = koB^ prB^ = f ooB° orfii + /I'- loB^ = + 

(12.5) i/° = /^'- fciBf p^^o = oiB^ irB° + orB" = -f^ - 

(12.6) = f"'- klBP prB^ = oiB^ IrB^ + llB° OrB^ = /°° - /" 

Hs paBBHCTB (12.3) H (12.6) cjie^yeT (12.1). Hs paBencTB (12.4) h (12.5) cjie^yeT 
(12.2). □ 

SaMenanue 12.2. HTo6bi noxasaTb, nacKOJibKO cjioJKHa sa^a^ia noHCxa o6pa3yio- 

mHX afl^HTHBHOrO 0T06pa}KeHHH, paCCMOTpHM, KaK BbirjIHflHT paBGHCTBO (3.9) B 

cjiyHae nojia KOMnjieKCHbix HHceji. 

fO /^l fkr r>p dO 

0/ — oLr Jg klij p7-i> 

I ^1 i;01 nl oO I ^0 i-11 nl nO 

— oLr Jg ~ o<-^ Jg - o(j Jg ~ o'-' Jg 



fl fkr r>p r1 

0/ — oLr Jg klij pr^ 

_ ^0 fOl r/O r1 I fll RO r1 

— o<~^ Jg ooi> oi-o + o(-^ Jg ii^ oii> 

+ oLr Jg 01-D 10-D + oLr Jq iqU IQ-D 

— oLr JG ~ o<-^ Jg + o<-^ Jg + o'-' Jg 
= oG^{fG' + fh') + oG\fa"-f'G') 



36 



AjieKcan^p KjiewH 



— l*-^ JG OO-D OO-O + iLr Jq ii±> ooi> 

— 1^ Jg ~ I*-' /g - Jg ~ Jg 
= iG°(/S°-/<i^)-iG^(/<i° + /^^) 



/ — l*^ Jg kl^ pr^ 



r<0 fOl r>0 r1 I fii ro r1 

1^ /G 00^ Ol-O + iGr /g. iii? oii> 

^1 i;00 nl r1 I ^0 J-IO nl nl 



B cjiyHae KOMnjieKCHbix hhcgji sa^a^y o6jier^aeT Hame snaHHe, ^to MaTpHLi;a one- 
paTopa G HMeeT bh^ jih6o 

'l 0^ 



(12.7) 

jih6o 
(12.8) 



G = 



1 

1 

-1 



B cjiyHae oGpasyromeii (12.8) mm nojiy^aeM cooTHomeHHH MejK^y KOop^HnaTaMH 
npeo6pa30BaHHH 

0/ — —1/ 0/ — 1/ 

□ 

13. JThhehhah <i>yHK]j;MH tejia kbatephmohob 

Onpe^ejieHHe 13.1. IlycTb F - nojie. PacmnpeHHe F{i,j,k) nojia F HasMBaeTCH 
ajireGpoii E{F) KsaTepHHOHOB nafl nojieM F^"*, ecjiH npoHSBe^eHHe b ajire6pe 
E onpe^ejieHO corjiacHO npaBHJiaM 



(13.1) 





i 


3 


k 


i 


-1 


k 


-.1 


3 


-k 


-1 


i 


k 


3 


—i 





□ 



3jieMeHTbi ajire6pbi E(F) HMeiOT bh^ 



X = x'^ + x^i + x'^j + x^k 



r^e x^ G F, i = 0, 1, 2, 3. KbaTepHHOH 

„o 



X = X 



x^i — x^j 



x^k 



H 6yfly cjieflOBaTb onpeflejieHHK) h3 [8]. 
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HasbiBaeTca conpajKenHMM KsaTepHHOHy x. Mm onpe^ejiHM HopMy KBaTepHHona 
X paseHCTBOM 

(13.2) \x\^ =xx = {xy + {x^ + {x^ + {x^ 

H3 paBGHCTBa (13.2) cjie^yeT, hto E{F) HBjiaeTca ajire6poH c flejienneM.^^ Xlpn 
9T0M o6paTHbiH sjieMeHT HMeeT bh^ 

(13.3) x^^ = \x\-^x 

TeopeMa 13.2. PaccMompuM mejio KeamepnuoHoe E{F) nan HemupexMepHyw 
aAge6py Had noACM F. IToaochcum qc = 1, le = i, 26 = j, ~ k - 6a3uc aMze6pu 
E{F). Tozda e smoM 6a3uce cmpyKmypnue KOHcmaHmu UMemm eud 





=1 


01^^ 


= 1 


02B^ 


= 1 


osB^ 


= 1 


iqB^ 


=1 


iiB° 


=-1 


12B^ 


= 1 


isB^ 


=-1 


2oB^ 


=1 


2lB^ 


=-1 


22B^ 


= -1 


23B^ 


= 1 


3oB^ 


=1 


siB^ 


= 1 


32B^ 


= -1 


33B° 


=-1 



CmaHdapmHue KOMnoHemnu addumuenou (fiyHKii^uu Had uoacm F u Koopdunamu 
coomeemcmeymvuezo auhcuhozo npeo6pa3oeaHUM Had uoacm F 
coomuouieHusiM 



(13.4) 



'0/° 

2J 

3j 



2P 



jOO 
JOO 



j22 _ j33 
^22 + ^33 
j22 _|_ j33 
f22_f33 



(13.6) 



(13.8) 



0/ — 






^/23_ 


_ y32 


1/ - 


_J01 _ 


_ jlO 




_ y32 


2f = 






— P^ 


_ y32 


3P = 


^01 _ 


flO_ 


_/23_ 


__^32 


0/^ = 


j02 _ 






vf^ 


1/" = 


j02 _ 




_ J20 _ 




2/" = 


_J02 _ 




_ y20 




3/^ = 


_/02_ 









(13.5) 

4 JOO 

4/11 ^ 

4 J22 ^ 

4 J33 ^ 

(13.7) 
•4 = 
4/01 ^ 

4 J32 , 
4^23 

(13.9) 

•4 f20 ^ 

4/31 ^ 

4 J02 , 

4/13 = 



o/° + i/M 
-o/°-i/^ 
-o/° + i/^ 

-0/° 



2/M 
2P 
2P 



1P+2P 



-IP 
-IP 
-IP 



Op 
Op 
Op 



3P 
3P 
.P 



IP + 0/^ — 3p 



-2P 
+2P 
-2P 
-2P 



3P 
3P 
3P 
3P 



3P 
3P 
3P 
3P 



2P 
2P 
2/ 
2/ 

1/ 



o/J 

0/ -1/ 
0/^+1/^ 
0/ - 1/ 



l^rejiB(J)aHfl B [8] flaeT 5ojiee o5nj;ee onpeflejienHe, paccMaTpHnaa ajire5py KBaTepHHonoB 
E{F, a, 6) c 3aK0H0M yMHOjKeHHa 





i 


3 


k 


i 


a 


k 


a-3 


3 


-k 


b 


-bi 


k 


-0.3 


bi 


—ab 



rfle a, b a F , ab ^ 0. OflnaKO STa ajire5pa CTanoBHTca tsjiom tojibko Korfla a < 0, b < 0. 3to 
cjieflyeT h3 paBeHCTBa 



XX = - a{x^f - b{x'^f + abix^'f 



Tor^a Mbi Mo:a<:eM npoHopMnpoBaTb 6a3HC Tax, hto a = — 1, 
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(13.10) 








(13.11) 












r op = 


j03 _|_ Jl2 _ 








U = 


fO 

-3/ 


-2P 


+ lP 


+ oP 




ip = 


_j03 _ Jl2 


-P' 


^fSO 




4/21 = 


fO 
-3/ 


-2P 


-IP 


-Op 


< 


2/ — 


jOa _ Jl2 




_ j30 


1 


4/12 = 


fO 
3/ - 


-2P- 


-IP^ 


-Op 




fO _ 

La/ - 


_^03+^12 


-P' 


_f30 




4 fos ^ 


-3/ 


+ 2P 


-IP 


+ oP 



/^OKaaameAbcmeo. SHa^^eHHe CTpyKTypnbix KOHCTaHT cjie^yeT h3 Ta6jiHLi,bi jmho- 
jKeHHH (13.1). Ilojibsyacb paBencTBOM (3.17) nojiyHaeM cooTHomeHHH 

fO fkr TDP r>0 

_ j^OO nO nO , rll „! r>0 , j.22 r>2 r>0 , r33 r3 rO 

— / oois 00i> +J lois lli* +/ 20i> 22i> +/ 30i> 33i> 

op = P^ koBP prB^ 

— / 00^ 01^ +/ 10^* 10^ -r J 20^ 23^ -r J SO^ 32^ 

= P' + P'' + P'-P' 

f2 fkr rip T}2 

Oj — J koij prij 

£02 tdO r>2 I j^l3 pi ri2 

— J 000 02^* + J lOO 130 

= P^-P'' + P'' + P' 

r3 £kr tdp r)3 

0/ — / kO^ pr^ 

^"03 tdO ri3 I rl2 ol p3 

— / 00i> 03i> + / 10^ 12^* 

= P' + P'-P' + P° 



iP 



1/ 



^■20 d2 rj2 I ^31 d3 r>2 
J 20i> 20i> + / 30i> 3li> 



/ 20-0 21-t> + / 300 30±S 



30 



^23 r)3 oO I ^32 d2 dO 
/ 21-t> 33-t> + / 310 220 



1/° = P'' klBP 

— fOi r1 rO _i_ fio rO rO 

— / 010 110 +/ ll-O OO-D 

= -p'-p"+p'-p' 

fl fkr TDP d1 

J^OO r>l 75I I j^ll pO pi I f22 p3 pi i ^33 p2 pi 

— / Ol-D 10-D +J ll-D Olis +/ 2li> 32" +/ 3li> 23-D 

= P°-P'+P' + P' 



fkr r>P r2 
7 fcli> pri> 

j^03 pi p2 I j^l2 pO p2 I t21 p3 p2 , t30 p2 p2 
7 Ol-D 13-fc> +7 ll-D 020 +/ 210 310 +/ 310 20O 

-P^'-P^-P^+P' 

fkr TDP r3 
7 fclO prO 

j^02 pi p3 I j^l3 pO p3 I f20 p3 p3 , t31 p2 p3 
7 Ol-D 12-0 +7 ii-B 03O +7 210 30O +7 310 210 

_^02_^13_^20__^31 
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2/ = / k2ii pr^ 

— / 02^ 220 +J 12-° 33-° +/ 22i> OOi* +/ 32^' lli* 



2/' = f'' k2BP prB^ 

— J 02^ 23^ -r J 12-D 32-D +/ 22^ 01^ +/ 32^ 10^ 

=r-r-r-r 

f2 fkr r>P r>2 

2/ —J fc2i> pri> 

J^OO r2 r>2 I j^ll d3 02 , ^-22 dO d2 , ^33 rtl d2 

— / 020 20i> +/ 12-0 3it3 +J 220 020 +/ 32-t> 13i> 

2f = fc2i3^ pr-B^* 

j-Ol o2 r53 I rlO p3 p3 , ^23 pO p3 , ^32 pi p3 

— / 02^ 21^ +/ 12-D 30-D +/ 22^ 03^ +/ 32-D i2-D 

3/ =7 fc3-D pr-D 

_ j-03 rj3 nO , fl2 n2 nO , p21 r>l r>0 , n30 nO r>0 

— J 03-t> 33-0 +/ ISO 22-° +/ 23i> lli> +/ 33i> 00-t> 

= -r+f''-f'-r 

fl fkr r>P ol 

3/ — 7 fc3i' pj-i> 

£02 ri3 ol I ^13 p2 pi i i'20 rI r1 i j31 rO r1 

— 7 03i> 32i> + 7 13-° 23-0 + J 23^ lO-D + / 33i! oii> 

^_^02_^13^^20_^31 

3/^ = Z'^'' fc3-BP p,-B2 

j-Ol p3 p2 I j-lO p2 p2 I ^-23 pi p2 , ^-32 pO p2 

— / 03-D si±S +/ isiJ 20-D +/ 23^ 13^ +/ 33^ 02^ 

f3 fkr Rp r3 

37 — 7 k30 prD 

fOQ r3 r3 I j^ll r2 r3 I ^22 r1 r3 , f33 rO r3 

— 7 03^* 30O +J 13-0 21-° + 7 23i> 12^' + 7 33^' 03^ 

Mm rpynnnpyeM sth cooTHomeHHH b CHCTeMM jiHHeiiHbix ypaBHeHHii (13.4), 
(13.6), (13.8), (13.10). 

(13.5) - 3TO pemeHHe CHCTeMbi jiHHeiiHbix ypaBHeHHii (13.4). 
(13.7) - 3TO pemeHHe CHCTeMbi jiHHeiiHbix ypaBHeHHii (13.6). 
(13.9) - 3T0 pemeHHe CHCTeMbi jinneiinbix ypaBHennii (13.8). 
(13.11) - 3T0 pemeHHe CHCTeMbi jinneiinbix ypaBHeHHii (13.10). □ 

TeopeMa 13.3. PaccMompuM meAO KeamepnuoHoe E{F) kqk HemupexMepHyw 
QAzeBpy Had noACM F. IIojiochcum qc = 1, {e = i, 26 = j , 36 = k - 6a3uc qa- 
ze6pu E{F). CmaHdapmHue KOMnoHenmu addumueHou (^yHKV,uu Had noACM F u 
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KoopduHamu smou cj)yHKii,uu Had noACM F yaoeAemeopMwm coomHomeHUUM 
( op o/^ op of^\ 

Ip Ip Ip Ip 

2P 2P 2P 2P 
\sP 3P SP SPJ 

(I -I -I -l\ 

I- 11 1 

II- 11 

VI 1 1 -1/ 

JJ,OKa3amejihcmeo. SanHineM paBencTBO (13.4) b bh^g npoHSBeflennfl MaTpnii; 



(13.12) 



Ijoo 


_fS2 


-P' 


-P'\ 


/" 


_ j23 


_f02 


_ j30 


j22 


_ jlO 


-P' 


_ j03 


[P' 


_f01 


-P° 


-PV 



(13.13) 



/oP\ 
iP 

2P 

3 



V3/V 



\ 


{p'\ 




p' 






1 


[PV 



SanHineM paBencTBO (13.6) b bh^b nponsBe^eHHa MaTpHu, 



(13.14) 









1 1 


-1\ 






1/° 




-1 


-1 1 


-1 




j\ u 


2P 




-1 


1 -1 


-1 












-1 -1 


-V 




\PV 






/-I 


-1 -1 






/ 


-p'\ 






1 


1 -1 


1 






_flO 






1 


-1 1 


1 






-P' 








1 1 


V 




V 


~P') 








-1 -1 






/; 


-c\ 






1 


-1 1 


1 






-P-' 






1 


1 -1 


1 












V 


1 1 


-V 




V 


-P'J 



SanHineM paBencTBO (13.8) b bh^b npoHSBe^enHH MaTpnu, 



(13.15) 



ip 






-1 


1 


1 


\ 




//-\ 




1 


-1 


-1 


-1 




p' 


2P 




-1 


-1 


-1 


1 












l-i 


-1 


1 


-1/ 




[p'J 






(-^ 
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3anHmeM paBencTBO (13.10) b bh^g npoHSBe^eHHH MaTpHu; 
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Mbi o6'be^HHHeM paBencTBa (13.13), (13.14), (13.15), (13.16) b paBencTBe (13.12). 

□ 

14. ^HOOEPEHLlMPyEMOE OTOBPAJKEHHE TEJIA KBATEPHMOHOB 

dy 



TeopeMa 14.1. Ecau Mampui^a I 

V dx> 

mejia KeamepnuoHoe Had nojieM deucmeumejihuux nuceji, mo 
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TeopeMa 14.2. Omo6pac>tceHue KeamepnuoHoe 

fix) =x 

UMeem npouaeodHyw Famo 



(14.9) 



d{x){h) = -^(/i + ihi + jhj + khk) 



^OKaaameAbcmeo. 5lKo6HaH OTo6pci}KeHHH / HMeeT bh^ 

/I \ 
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Hs paBencTB (14.5) cjie^yeT 
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PaBencTBO (14.9) cjie^yeT h3 paBencTB (6.7), (14.10), (14.11). □ 
TeopeMa 14.3. ConpnotceHue KeamepnuoHoe ydoeAemeopsiem paeeucmey 

X = — — {x + ixi + jxj + kxk) 
/l^oKaaameAbcmeo. YTBepjK/ieHHe TeopeMbi cjiepyeT h3 TeopeMbi 14.2 h npHMepa 



10.4. 



TeopeMa 14.4. Ecjiu Mampuv,a 
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